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MONTGOMERY COUNTY COMMUNITY COLLEGE 
SYLLABUS SPRING 2013 

MAT 108: MATHEMATICS CULTURE & CONCEPTS 
(MAT-108-KC) 

3-3-0 
 
COURSE DESCRIPTION: 
A course, designed primarily for liberal arts students, which shows how mathematics has 
developed concomitantly with civilization. The applications demonstrate that mathematics is 
related not only to the physical sciences but also to the social sciences, to philosophy, logic, 
religion, literature and the arts. This course does not satisfy the MAT 100 prerequisite 
requirement for MAT 125, MAT 131, MAT 140 or MAT 161. 
 
PREREQUISITE(S): 
Students must have successfully completed or tested out of: 
Math placement test recommendation “UND 116” (under MAT 116) or “ABV 100” (above 
MAT 100) or MAT 011, with a minimum grade of “C” 
 
MEETING INFORMATION: 
Parkhouse Hall 
Room 128 
TTH 
12:45PM – 2:10PM 
 
INSTRUCTOR INFORMATION: 
Jeffrey Zilahy (pronounced Zil-ahh-he) 
EMAIL: jzilahy@mc3.edu  
NOTE: All official email will be handled via this MC3 email and Blackboard.  
OFFICE: Adjunct Office 99 (Parkhouse) 
 
COURSE MATERIALS (recommended): 

1. Textbook: Berlinghoff, William and Gouvea, Fernando (2004). Math through the Ages. 
Oxton House Publishers 

2. CALCULATOR: You will need a calculator for this course, TI-83 or TI-84 is ideal. 
3. ADDITIONAL:  Some sort of pen(cil), a notebook and most importantly a good attitude.  

Other learning materials may be required and made available directly to the student 
and/or via the College’s Libraries and/or course management system. 

 
GRADING:  
CONTENT % of Final Grade NOTES 
HW, QUIZZES 30 Response papers, any HW, quizzes 
RESEARCH PAPER 20 At least 3 pages, topic TBD 
MIDTERM 25 About halfway through course 
FINAL 25 Cumulative 
 
 



 
 

 
 

LEARNING OUTCOMES: 
This is a general overview, as we can expect to cover more than this list entails. 
 

1. Trace the historical development of mathematics from the beginning of civilization to 
present day.   
 

2. Show how real world problems created a need for the development of mathematics, and 
how mathematics solved those quandaries. 

 
3. Learn about some of the key mathematicians throughout history and the contributions 

they made. This includes, but is not limited to: Archimedes, Descartes, Euclid, Gauss, 
Euler, Leibniz, Newton, Pythagoras and Erdos. This will also include a focus on female 
mathematicians, who often were relegated as they made their own key contributions.  
 

4. The Development of Geometry, from Euclidean to coordinate geometry to modern day 
fractal interpretations.  
 

5. The development of numbers including Zero, Negative and Irrational Numbers.  
 

6. The birth and development of the Calculus. 
 

7. Modern day mathematics, with a focus on the discrete side, and its implications on the 
digital revolution.  

 
 
 
GENERAL POLICIES & PERSPECTIVES:  
 
How to succeed in this course: Math is not unlike anything else in this world, namely, practice 
makes perfect. The more you put into something, the more you will get out of it. In addition, 
frustration is a completely normal emotion in learning mathematics, what separates the 
successful students from the not-so-successful students is how they internalize this frustration. 
Therefore, it is helpful to become very cognizant of the internal monologue you have with 
yourself as you attempt problems, and be sure to keep the negativity away. It is a bit cliché, but 
the fact is that attendance is key, if you were a professional football player would you skip 
practice? Why not? Well, the same goes for learning mathematics. Being a successful student is 
less about having some magical mathematical skills and more about just developing good habits. 
For example don't get behind in the material. For some that might be a few minutes extra a week 
here or there, and for others it may be hours and hours of extra work. The key here is to not 
worry about where you perceive your math abilities to be, remember, no matter who you are, 
there are always some people who know more than you and some people that will know less than 
you. 
 
 
 



 
 

 
 

Academic Honesty: Cheating is obviously completely unacceptable, not to mention really lame. 
Earn what you earn, and don't undermine your own intelligence by trying to take shortcuts. There 
are no shortcuts in math, the best way to succeed is simply to work hard, ask questions and most 
importantly never give up.  
 
Work: Show work! Due to the precise nature of mathematics, we are all likely to make little 
mistakes along the way. The more work you show the less chance you have of making little 
mistakes and the easier it is for me to give partial credit. Get in the habit of writing down what 
you know or what the problem tells you, and drawing diagrams or pictures whenever possible.  
 
 

ADDITIONAL INFORMATION: 
 
CLASSROOM ETIQUETTE 
I expect you to act like adults in a learning environment. Remember, when you cause 
disruptions, you are hindering others abilities to learn, not just your own. You are expected to 
follow all rules in the student’s code of conduct in this classroom.  For more information on the 
Student Code of Conduct please the website: http://www.mc3.edu/aboutus/policies/sa-
4/conduct.aspx 
 
STUDENT SUPPORT REFERRAL TEAM / SSRT.   
The SSRT is aware that students face many challenges in and out of the classroom.  The SSRT is 
a free, confidential referral service available to all students that works to connect students with 
College and community resources, and caring professionals.  It involves a support team of 
counselors, faculty, and staff who assist students dealing with such issues as emotional distress, 
anxiety, eating disorders, abuse, depression, grief, potential violence, and substance abuse.  If 
students recognize that they have concerns, they may contact the SSRT directly for assistance, 
either by sending an email to a secure, confidential address (StudentReferral@mc3.edu), or by 
visiting the Student Success Center located in College Hall. 
 
TUTORIAL SERVICES 
Please visit the Foundational Skills Lab or take advantage of the Live Online Tutoring!  The lab 
offers FREE tutoring and is a very useful resource. FREE subject-area tutoring, academic 
workshops, and study skills specialists are available at Blue Bell Campus’s Foundation Skills 
Lab in College Hall 168 (across from the Cafeteria.)  The Foundation Skills Lab helps students 
develop learning strategies based on their unique learning styles with the goal of creating 
successful students and independent learners.  Contact 215-641-1150, fsl@mc3.edu or via the 
portal  
http://mymccc.mc3.edu/allcampusresources/academicaffairs/dsl/Pages/default.aspx 
 
Live Online Tutoring 
Tutorial Services offers FREE live online tutoring.   
Students have two options for online tutoring: 

! Discussion board based tutoring via Blackboard gives students the ability to post their 
questions to a tutor twenty four hours a day. The tutor will respond to the post within 
twenty four hours.  



 
 

 
 

! Live after hours online tutoring gives students the ability to chat with a tutor through a 
web based conferencing tool. These are late night/early morning hours. 

 
Visit Tutorial Services for more information on Live Online Tutoring and the available times for 
this semester. 
http://mymccc.mc3.edu/allcampusresources/academicaffairs/lal/Pages/default.aspx 
 
IMPORTANT DATES 
Classes Begin --- January 24, 2013 
Spring Break --- No Classes --- March 18 – March 24, 2013 
Classes End --- Tuesday, May 7, 2013 
Reading Day --- Wednesday, May 8, 2013 
Final Exams  --- May 9 – May 15, 2013 
 
Students With Disabilities: 
Students with disabilities may be eligible for accommodations in this course.  Please contact the 
Disability Services Center in College Hall 225 for more information at (215) 641-6575 or 
disabilities@mc3.edu .  Students at West Campus should contact the Student Success Center in 
South Hall or call (610) 718-1853. 
Or visit the Students with Disabilities website: 
http://www.mc3.edu/campusLife/student-resources/disabilities/ 
 
Veterans: 
Student veterans may eligible for benefits and services related to military service.  At Central 
Campus, contact the Military and Veteran Affairs Advisor at (215) 619-7307 in CH 209 (inside 
the student success center) to learn about educations benefits and healthcare entitlements.  At the 
West Campus, contact Michael Ondo in South Hall 151 or at (610) 718-1857 for the veterans’ 
resources. 
Or visit the Veterans website: 
http://www.mc3.edu/campusLife/student-resources/veterans 
 
Class Cancellation Policy: 
Radio Codes 320 for day and 2320 for evening. 
Please sign up for the texting service offered by the college.  If you sign up for this service, you 
will be notified via text message to college closings and delays. 
Please call the MCCC Main Number 215-641-6300, in case of inclement weather or other 
emergency that may cause a class to be cancelled. 
Please check Blackboard, if I need to cancel class you be notified via Blackboard announcement. 
or check the syllabus on canceling classes and notification. 
 
Early Alert: 
As part of our commitment to promote the academic success of all our students, the College 
utilizes an Early Alert system.  Faculty may alert Academic Advisors about issues related to 
student absence and/or academic difficulty, if they are not resolved through discussion between 
the faculty and student.  Please respond promptly to any Early Alert notification you receive 



 
 

 
 

through email, phone or mail, as your Academic Advisor hopes to offer you assistance in 
resolving these issues. 
 
WITHDRAWAL 
The last day to withdraw from the course is May 15th, 2013.   
Note:  The last day to withdraw without your instructor’s signature is March 19th, 2013.   
Note:  You must attend at least 60% of the classes to be permitted to withdraw. 
 
AUDIT 
No audits are permitted in this class.   
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1.1 History of Numbers 
 
In this unit, we will look at ancient civilizations and how they used numbers and 
operations. We will see how our present number system evolved from the numeration 
systems of many cultures. It is through an understanding of the past that we can 
appreciate the present.  
 
 
 
 
 
 
 
 
 
 
 
 
In the beginning… 
 
 

I. Tally marks using “grouping” were the first known form of counting. Larger 
grooves and crossed slashes were used to represent and record larger 
quantities. These marks can be found dating back to 3000 B.C. in Egypt and 
Babylonia.   

 
The image below, “Three” by Marion Drennen, depicts early tally sticks on a 
clay tablet. 
 

 
“Three” by Marion Drennen, St. Francisville, Louisiana, http://quantumconnectionsart.blogspot.com  
Represented by Brunner Gallery, Covington, Louisiana, www.brunnergallery.com. 

Learning Outcomes: 
� Demonstrate an understanding of the evolution of our numeration 

system by relating counting, place value, and place holder concepts 
from the past to the present 

� Recognize early numeration systems 
� Write numbers in Egyptian, Babylonian, Greek and Roman 
� Demonstrate a knowledge of our present system of place values and 

expanded notation 



�����ͳ�
�

ʹ�
�

 
II. The Egyptians used symbols painted in their pottery, cut numbers in stone 

and scrolled on papyrus to express counting. We have evidence that this 
system dates back to 3400 B.C.  
 

The following chart depicts the Egyptian symbols for numbers: 
 

 
 

These hieroglyphic symbols are a stroke, arch, rope, flower, finger, tadpole and 
an astonished man. These are pictorial symbols from everyday life. To make 
writing easier to read the repeated symbols can be grouped in two, three or four 
symbols arranged vertically. 

 
 The number 672 would be  ̂̂̂̂̂̂ȆȆȆȆȆȆȆII or ̂̂̂  ȆȆȆȆII 
               ̂̂̂ȆȆȆ 
  
  
  
 
 
 
 

Write the following numbers using the Egyptian numeration system: 
 

a. 345 
 
 

b. 42,320 
 

 
c. 567,922 

 
 

d. What are the advantages and disadvantages in using the Egyptian system? 
Explain. 
 
 

� �����������������������������������additive ���������
grouping by tensǤ�

� ����������������������������������������������������������
����������������������������������Ǥ�
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III. The Greeks used letters of their alphabet for their numbers. It was a 
ciphered numeration system that dates back to 3000 B.C. 
 

The following chart depicts the Greek system for numbers: 
 

 
 
EXAMPLE:  
 
The number 672 would be ȤȠȕ . 
 

 Write the following numbers using the Greek numeration system: 
 

a. 345 
 
 

b. 949 
 

 
c. 888 

 
 

d. Convert to our number system: ĭȝȕ  
 

 
e. What are the advantages and disadvantages in using the Greek system? 

Explain. 
 

 
 
 

 
 

����
���������������������������������������������
�������������Ǥ�
��������ǣ��,Ⱦ�α�ʹͲͲͲ����ȋʹ��ͳͲͲͲȌ�
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IV. The Babylonian numeration system is one of the oldest. It dates back to 
5000 B.C. Babylonians began using tally marks, which evolved into a wedge 
shaped symbol called a cuneiform. Many of their clay tablets are still around 
today. The Babylonians used a base 60 system instead of the base 10 
system that we use today. It is believed to be related to the concept of time 
– 24 hours in a day, 60 minutes in an hour and 60 seconds in a minute. 
There are only two symbols, a modernized wedge pointed down, ź, for one 
and a modernized wedge pointing to the left for ten, < . 
 

The following chart depicts the Babylonian system for numbers: 

EXAMPLES:   
 
� The number 42 would be  <<<<źź 

 
� The number 672 would be     <ź      <źź 

     Ļ  Ļ 
(11x 60) + (12 x 1) 

 
672 = (11 groups of 60) + (12 groups of 1) 

 
�
 
 
 
 

 Write the following numbers using the Babylonian numeration system: 
 

a.   48 
 
b.   67 
 
c.   132  
 
d.    3702 
 
e.  What are the advantages and disadvantages in using the Babylonian 

system? Explain. 

In approximately 3400 B.C. a space was used to indicate a 
place holder (zero was only an idea; the Babylonians knew 
they needed something to distinguish between place values). 
A space was used to show breaks between place values. 
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As I was going to St Ives

"As I was going to St
Ives"

Roud #19772
Written by Traditional

Published c. 1730

Written England

Language English

Form Nursery rhyme/riddle

"As I was going to St Ives" is a traditional English language nursery rhyme which is generally thought to be a
riddle. It has a Roud Folk Song Index number of 19772.

Lyrics
The most common modern version is:

As I was going to St Ives

I met a man with seven wives

Every wife had seven sacks

Every sack had seven cats

Every cat had seven kits

Kits, cats, sacks, wives.

How many were going to St Ives?[1]

Origins
The earliest known published version of it comes from a manuscript dated to around 1730 (but it differs in referring
to "nine" rather than "seven" wives).[1] The modern form was first printed around 1825.[1] A similar problem appears
in the Rhind Mathematical Papyrus (Problem 79), dated to around 1650 BC:

There are seven houses;

In each house there are seven cats;

Each cat catches seven mice;

Each mouse would have eaten seven ears of corn;

If sown, each ear of corn would have produced seven hekat of grain.

How many things are mentioned altogether?[2]

There are a number of places called St Ives in England and elsewhere. It is generally thought that the rhyme refers to
St Ives, Cornwall, when it was a busy fishing port and had many cats to stop the rats and mice destroying the fishing
gear, although some people argue it was St Ives, Huntingdonshire as this is an ancient market town and therefore an
equally plausible destination.[3][4]

http://en.wikipedia.org/w/index.php?title=Roud
http://en.wikipedia.org/w/index.php?title=English_language
http://en.wikipedia.org/w/index.php?title=Nursery_rhyme
http://en.wikipedia.org/w/index.php?title=Riddle
http://en.wikipedia.org/w/index.php?title=English_language
http://en.wikipedia.org/w/index.php?title=Nursery_rhyme
http://en.wikipedia.org/w/index.php?title=Riddle
http://en.wikipedia.org/w/index.php?title=Roud_Folk_Song_Index
http://en.wikipedia.org/w/index.php?title=Rhind_Mathematical_Papyrus
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Answers
All potential answers to this riddle are based on its ambiguity because the riddle only tells us the group has been

"met" on the journey to St. Ives and gives no further information about its intentions, only those of the narrator. As

such, any one of the following answers is plausible, depending on the intention of the other party:

• 1: If the group that the narrator meets is assumed not to be travelling to St. Ives (this is the most common

assumption),[1] the answer would be one person going to St. Ives; the narrator.

• 2802: If the narrator met the group as they were also travelling to St. Ives (and were overtaken by the narrator,

plausible given the large size of the party),[1] the answer in this case is all are going to St. Ives; see below for the

mathematical answer.

• 2800: If the narrator and the group were all travelling to St. Ives, the answer could also be all except the narrator
and the man since the question is ambiguous about whether it is asking for the total number of entities travelling

or just the number of kits, cats, sacks and wives. This would give an answer of 2,800 — 2 fewer than the answer

above.

• 2: Two is also a plausible answer. This would involve the narrator meeting the man who is assumed to be

travelling to St. Ives also, but plays on a grammatical uncertainty, since the riddle states only that the man has

seven wives (and so forth), but does not explicitly mention whether the man is actually accompanied by his wives,

sacks, cats, and kittens.

• 0: Yet another plausible is zero, once again playing on a grammatical uncertainty. The last line of the riddle states

"kits, cats, sacks, wives ... were going to St. Ives?" Although the narrator clearly states he is going to St. Ives, by

definition he is not one of the kits, cats, sacks, or wives, and based on the common assumption that the party was

not going to St. Ives, the answer is zero.

• 2753: The sacks are not a person or animal and therefore cannot be in the calculation. It was not the number of

things, but of "persons" the narrator met. 49 adult cats 343 kittens per wife of whom he had seven (7 × 392) =

2744 plus the seven wives 2751 plus the man + the narrator → 2753 persons and animals.

• 9: There are nine people involved, who may be going to St. Ives. The animals are all in the sacks, so they, as well

as the sacks themselves, are "being taken", rather than "going".

• 7: There are nine people involved, who are the only ones who may be going to St. Ives, all the others "being

taken" there. But since the question is limited to "Kits, cats, sacks, wives", this excludes the man and the narrator,

leaving seven.

Rhind mathematical papyrus
A similar problem is found in the Rhind Mathematical Papyrus (Problem 79), dated to around 1650 BC. The papyrus

is translated as follows:[5]

 A house inventory:

houses 7

1 2,801 cats 49

2 5,602 mice 343

4 11,204 spelt 2,301 [sic]

hekat 16,807

Total 19,607 Total 19,607

http://en.wikipedia.org/w/index.php?title=Rhind_Mathematical_Papyrus
http://en.wikipedia.org/w/index.php?title=Sic
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The problem appears to be an illustration of an algorithm for multiplying numbers. The sequence 7, 7 × 7, 7 × 7 × 7,

..., appears in the right-hand column, and the terms 2,801, 2 × 2,801, 4 × 2,801 appear in the left; the sum on the left

is 7 × 2,801 = 19,607, the same as the sum of the terms on the right. Note that the author of the papyrus listed a

wrong value for the fourth power of 7; it should be 2,401, not 2,301. However, the sum of the powers (19,607) is

correct.

The problem has been paraphrased by modern commentators as a story problem involving houses, cats, mice, and

grain, although in the Rhind Mathematical Papyrus there is no discussion beyond the bare outline stated above. The

hekat was 
1⁄

30 
of a cubic cubit (approximately 4.8 l, 1.1 imp gal; 1.3 US gal).

Use in popular culture
• In the 1995 film Die Hard with a Vengeance, the rhyme is presented to the protagonists by the villain as a riddle,

giving them thirty seconds to telephone him on the number "555 plus the answer" or a bomb would detonate.

After several guesses, they eventually solve the riddle, calling the number 555-0001 which proves to be correct.

They missed the 30-second deadline, but the bomb did not explode since the villain had not said "Simon says."

• The rhyme was recited by Mary Murphy's character while caring for a cat with seven kittens in the movie A Man
Alone. Later the character played by Ray Milland who overheard the rhyme offers her the answer and Murphy's

character explains that she alone was going to St. Ives.

• The rhyme was also the basis of a Sesame Street Muppet skit from the show's first season, in which the boy

Muppet holding a numeral 7 sings the rhyme as a song to the girl Muppet twice (the second time, the girl is busy

writing down the calculations) and finally, in keeping true to the spirit of the riddle, reveals the answer as 1 (the

traditional answer), because he was going to St. Ives and the kits, cats, sacks and wives were going the other way.

Then the girl turns the tables on the boy and asks how many were going the other way. She then reveals the

mathematical answer from her calculations: 1 man + 7 wives + 49 sacks + 343 cats + 2,401 kittens, which comes

to 2,801. Astonished, the boy responds, "How about that?!"

• The rhyme was also featured in a Pogo comic story, "More Mother Goosery Rinds" in which Albert Alligator

himself portrays Mother Goose and Pogo a traveling musician. After going over several Mother Goose rhymes

they get to the St. Ives riddle, albeit replacing "seven" with "forty" and while Albert (Mother Goose) keeps trying

to cogitate the answer, Pogo boasts he knows it...and he answers "one", which baffles "Mother Goose" (Albert

Alligator). Pogo says that if the kits, cats, sacks and wives weren't going to St. Ives, maybe they were going

somewhere else, such as Altoona, Pennsylvania. So Albert again recites the riddle, this time ending with "Kits,

cats, sacks, wives, how many were going to...ALTOONA??" But by this time, Pogo has already gone upon his

way.

• Mad magazine used it in at least two articles over the years for the following parodies:

As I was going to St Ives

I met a man with seven wives

Of course, the seven wives weren't his

But here in France, that's how it is

and

As I was going to St Ives

I met a man with seven wives

I know this sounds absurd and loony

But that poor man was Mickey Rooney!

• British poet and humorist Colin West wrote a satire on "As I was going to St Ives", called "As I Went Down To 

Milton Keynes". The items listed are "a king with seven queens", and for every queen a prince, for every prince a
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princess, for every princess an earl, for every earl a lady, for every lady a baby, and for every baby a cat.

Notes
[1] I. Opie and P. Opie, The Oxford Dictionary of Nursery Rhymes (Oxford University Press, 1951, 2nd edn., 1997), pp. 376-7.
[2] "Transcript EPISODE 17 - RHIND MATHEMATICAL PAPYRUS" (http:/ / www. bbc. co. uk/ ahistoryoftheworld/ about/ transcripts/

episode17/ ). A history of the world. BBC. . Retrieved 26 February 2012.
[3] Hudson, Noel (1989), St Ives, Slepe by the Ouse, St Ives Town Council, p. 131, ISBN 978-0-9515298-0-5
[4] Flanagan, Bridget (2003), The St Ives Problem, a 4000 Year Old Nursery Rhyme?, ISBN 0-9540824-1-9
[5] Maor, Eli (2002) [1988], "Recreational Mathematics in Ancient Egypt" (http:/ / pup. princeton. edu/ books/ maor/ sidebar_a. pdf),

Trigonometric Delights, Princeton University Press, pp. 11–14 (in PDF, 1–4), ISBN 978-0-691-09541-7, , retrieved 2009-04-19

References
• Oystein Ore, "Number Theory and its History", McGraw- Hill Book Co, 1944

http://www.bbc.co.uk/ahistoryoftheworld/about/transcripts/episode17/
http://www.bbc.co.uk/ahistoryoftheworld/about/transcripts/episode17/
http://pup.princeton.edu/books/maor/sidebar_a.pdf
http://en.wikipedia.org/w/index.php?title=Princeton_University_Press
http://en.wikipedia.org/w/index.php?title=Oystein_Ore


Lesson&2&Summary:&January&29th&
2/n(table(
(Unit)(Fraction(Skills(
(
(
Lesson&Handouts&
Dung(Beetle(Article((BBC)(
America(&(Fractions(Article((Scientific(American)(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(



PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ���������$0

7KH�HVVHQFH�RI�PDWKHPDWLFV�LV�QRW�WR�PDNH�VLPSOH�WKLQJV�
FRPSOLFDWHG��EXW�WR�PDNH�FRPSOLFDWHG�WKLQJV�VLPSOH���
a6��*XGGHU

-DQ���������$0

:$50�83�

���:KDW�LV�RQH�RI�WKH�ROGHVW�KLVWRULFDO�
PDWKHPDWLFDO�DUWLIDFWV�HYHU�IRXQG"

���*LYH�DW�OHDVW�RQH�H[DPSOH�RI�KRZ�DQLPDOV�
XVH��RU�PD\�XVH��PDWK�

���2I�WKH�DQWLTXH�QXPEHU�V\VWHPV�ZH�FRYHUHG�
ODVW�ZHHN��ZKLFK�LV�\RXU�IDYRULWH�DQG�ZK\"

���+RZ�PDQ\�GLJLWV�GR�ZH�XVH�WR�PDNH�
QXPEHUV"�:KDW�DERXW�FRPSXWHUV"�

-DQ���������$0

<RX�DOO�JRW����RXW�RI����RQ�\RXU�WKRXJKWV�RQ�PDWK��+HUH�DUH�
D�IHZ�RI�\RXU�KLJKOLJKWV�

�,�XVHG�WR�KDWH�PDWK��QRZ�,�OLNH�PDWK�DQG�KDYH�FRPH�WR�
EH�UDWKHU�JRRG�DW�LW��

�0DWK�DW�LWV�VXUIDFH�LV�YHU\�XQUHODWDEOH��

�0DWK�LV�OLIH��

�'LVOLNLQJ�PDWK�FDQ�FRPH�IURP�VWUXJJOH��

�3HRSOH�WDNH�PDWK�IRU�JUDQWHG��

�,�DP�QRW�D�IDQ�RI�PDWK��

-DQ����������$0

������������)81�0$7+�
�7KH�%LUWKGD\�3DUDGR[�

+RZ�PDQ\�SRVVLEOH�ELUWKGD\V�DUH�WKHUH"

:KDW�LV�WKH�FKDQFH�WKDW�\RX�DQG�\RXU�
QHLJKERU�KDYH�WKH�VDPH�ELUWKGD\"

:KDW�LI�ZH�KDG����UDQGRP�SHRSOH�SXOOHG�RII�
WKH�VWUHHW"�:KDW�LV�WKH�FKDQFH�WKDW�ZH�ILQG�
D�PDWFKLQJ�ELUWKGD\"



PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ����������$0

/DVW�ZHHN��ZH�VWDUWHG�WDONLQJ�DERXW�WKH�RULJLQV�
RI�PDWK��:H�OHDUQHG�WKDW�WKH�%DE\ORQLDQV��
(J\SWLDQV��0D\DQV�DQG�5RPDQV�ZHUH�VRPH�RI�
WKH�HDUOLHVW�FLYLOL]DWLRQV�WR�VWDUW�WR�IRUPDOL]H�
PDWKHPDWLFV��

:H�DOVR�OHDUQHG�WKDW�HYHQ�DQLPDOV�GR�PDWK��
&RQVLGHU�WKLV�UHFHQW�DUWLFOH�ZKLFK�LQGLFDWHV�WKDW�
HYHQ�LQVHFWV�DUH�XVLQJ�PDWKHPDWLFV��LQ�WKH�
IRUP�RI�FHOHVWLDO�QDYLJDWLRQ�

-DQ����������$0

0DWK�LV�WKH�XQGHUO\LQJ�VRIWZDUH�WKDW�UXQV�WKH�
KDUGZDUH�WKDW�ZH�IRQGO\�FDOO�WKH�(DUWK�8QLYHUVH�

-DQ����������$0

7RGD\��OHW
V�GLYH�GHHSHU�LQWR�WKH�(J\SWLDQ�
FLYLOL]DWLRQ�DQG�VRPH�RI�WKHLU�PDWKHPDWLFV�

�$FFXUDWH�UHFNRQLQJ�IRU�LQTXLULQJ�LQWR�WKLQJV��
DQG�WKH�NQRZOHGJH�RI�DOO�WKLQJV��P\VWHULHV���DOO�
VHFUHWV��

7KLV�LV�LQ�WKH�LQWURGXFWLRQ�WR�RQH�RI�WKH�PRVW�
IDPRXV�PDWKHPDWLFDO�DUWLIDFWV�ZH�KDYH�HYHU�
XQFRYHUHG���WKH�5KLQG�3DS\UXV�

-DQ����������$0

+HUH�LV�D�LPDJH�RI�SDUW�RI�WKH�5KLQG�3DS\UXV���



PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ����������$0

7KH�5KLQG�3DS\UXV�KDV�PDQ\�SUREOHPV�GHDOLQJ�ZLWK�
DULWKPHWLF��DOJHEUD��DQG�JHRPHWU\��
&RQVLGHU�DIWHU�DOO�WKDW�VRPH�RI�WKH�PRVW�GUDPDWLF�DQG�DZH�
LQVSLULQJ�DUFKLWHFWXUH�HYHU�FRQVWUXFWHG�E\�KXPDQV�DUH�WKH�
*UHDW�3\UDPLGV��,W�LV�PDWKHPDWLFV�WKDW�DOORZHG�WKHVH�
VWUXFWXUHV�WR�EH�EXLOW�DQG�IRU�PDQ\�FHQWXULHV��WKH\�ZHUH�WKH�
ELJJHVW�VWUXFWXUHV�RQ�SODQHW�HDUWK��QRWKLQJ�WR�VQHH]H�DW�

-DQ����������$0

7RGD\��ZH�ZDQW�WR�FRQVLGHU�RQH�SDUWLFXODU�
VHFWLRQ�RI�WKH�5KLQG�3D\SUXV��WKDW�GHDOLQJ�ZLWK�
ZKDW�LV�NQRZQ�DV�WKH���Q�WDEOH��

7KLV�WDEOH�LOOXVWUDWHV�KRZ�WKH�(J\SWLDQV�GHDOW�
ZLWK�SDUWV�RI�WKLQJV��QDPHO\�IUDFWLRQV��%HIRUH�
ZH�GR�WKRXJK��ZH�QHHG�WR�UHYLHZ�RXU�RZQ�
NQRZOHGJH�DQG�PDNH�VXUH�ZH�DUH�RQ�VROLG�
IRRWLQJ�LQ�ZRUNLQJ�ZLWK�IUDFWLRQV��

%HIRUH�ZH�GR�WKDW��OHW
V�ILUVW�FRQVLGHU�WKLV�UHFHQW�
DUWLFOH�RQ�$PHULFD�DQG�IUDFWLRQV�

-DQ����������$0

3HUKDSV�WKH�UHDVRQ�ZK\�SHRSOH�DUH�
LQWLPLGDWHG�E\�IUDFWLRQV�LV�WKDW�WKH\�DUH�
PHVV\��$V�KXPDQV��ZH�OLNH�RUGHU�DQG�WKH�
ZKROHQHVV�RI�WKLQJV��,I�\RX�GLVDJUHH��MXVW�
FRQVLGHU�ZK\�ZH�FHOHEUDWH�ELUWKGD\
V�OLNH�
RXU���WK�RU���WK�ZLWK�JUHDWHU�IUHTXHQF\�
WKDQ�RXU���WK�RU���WK�

+RZHYHU��WKHUH�LV�VLPSO\�QR�JRRG�UHDVRQ�
ZK\�DQ\RQH�VKRXOG�QRW�EH�DEOH�WR�
FRPIRUWDEO\�ZRUN�ZLWK�IUDFWLRQV��ZKHWKHU�LW�
EH�LQ�WKH�FRQWH[W�RI�PXOWLSOLFDWLRQ��GLYLVLRQ��
DGGLWLRQ�RU�VXEWUDFWLRQ��

-DQ����������$0

'RHV�WKLV�ORRN�WRXJK"�&DQ�\RX�GR�WKHVH�
SUREOHPV�ULJKW�QRZ"�7DNH�D�IHZ�PLQXWHV�
DQG�WU\�WR�DQVZHU�WKHVH�SUREOHPV�



PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ���������30 -DQ���������30

-DQ���������30 -DQ���������30



PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ���������30 -DQ���������30

-DQ���������30 -DQ����������$0

1RZ�WKDW�ZH�DUH�FRPIRUWDEOH�ZLWK�GHDOLQJ�ZLWK�
IUDFWLRQV��OHW
V�UHWXUQ�WR�WKH�(J\SWLDQV�DQG�WKH�
5KLQG�3DS\UXV�

,Q�SDUWLFXODU��OHW
V�FRQVLGHU�WKH���Q�WDEOH�IRXQG�
RQ�WKH�5KLQG�3DS\UXV��6HH��WKH�(J\SWLDQV�
ZHUH�ZHOO�DZDUH�RI�IUDFWLRQV�DQG�WKH\�FRXOG�
ZRUN�ZLWK�WKHP��+RZHYHU��WKH\�VWUXJJOHG�
ZLWK�IUDFWLRQV�WKDW�ZHUH�QRW�XQLW�IUDFWLRQV��
:KDW�DUH�XQLW�IUDFWLRQV�DJDLQ"�-XVW�IUDFWLRQV�
ZKHUH�WKH�QXPHUDWRU�LV�D��������������DQG�
������DUH�MXVW�D�IHZ�H[DPSOHV�RI�XQLW�IUDFWLRQV�



PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ����������$0

6R�ZKHUH�ZH�LQ�PRGHUQ�WLPHV�KDYH�QR�WURXEOH
GHDOLQJ�ZLWK�IUDFWLRQV�OLNH�����DQG�������WKH�
(J\SWLDQV�FRXOG�RQO\�XQGHUVWDQG�WKRVH�IUDFWLRQV�
DV�WKH�680�RI�8QLW�)UDFWLRQV�

+HQFH��WKH���Q�WDEOH�LV�D�OLVW�RI�IUDFWLRQV�ZLWK�
QXPHUDWRU�WZR�H[SUHVVHG�DV�WKH�GHFRPSRVLWLRQ�
RI�XQLW�IUDFWLRQV��

6R�IRU�Q� ���ZH�KDYH������7KLV�LV�MXVW�HTXDO�WR�
�����������VLQFH����������� �����ZKLFK�LV�����

�

-DQ����������$0

KWWS���HQ�ZLNLSHGLD�RUJ�ZLNL�5KLQGB0DWKHPDWLFDOB3DS\UXVB��QBWDEOH

KWWS���ZZZ�\RXWXEH�FRP�ZDWFK"Y :&\;O���S-F

$�IHZ�PRUH�H[DPSOHV��

���� ����������

���� �����������������

7KH�(J\SWLDQV�DUH�VR�ZHOO�DVVRFLDWHG�
ZLWK�WKLV�DSSURDFK�WKDW�D�IUDFWLRQ�ZULWWHQ�
DV�D�VXP�RI�GLVWLQFW�XQLW�IUDFWLRQV�LV�
FDOOHG�DQ�(J\SWLDQ�)UDFWLRQ��

-DQ����������30

(J\SWLDQ�)UDFWLRQV�FDQ�VWLOO�EH�XVHIXO��HYHQ�WRGD\��

&RQVLGHU�WKH�IROORZLQJ�SUREOHP�

6XSSRVH�)DWLPD�KDV���ORDYHV�RI�EUHDG�WR�VKDUH�DPRQJ�WKH���ZRUNHUV�ZKR�KDYH�KHOSHG�GLJ�KHU�
ILHOGV�WKLV�ZHHN�DQG�FOHDU�WKH�LUULJDWLRQ�FKDQQHOV��+RZ�ZRXOG�VKH�EUHDN�LW�XS�HYHQO\"

)LUVW�)DWLPD�VHHV�WKDW�WKH\�DOO�JHW�DW�OHDVW�KDOI�D�ORDI��VR�VKH�JLYHV�DOO���RI�WKHP�KDOI�D�ORDI�
HDFK��ZLWK�RQH�ZKROH�ORDI�OHIW��1RZ�LW�LV�HDV\�WR�GLYLGH�RQH�ORDI�LQWR����VR�WKH\�JHW�DQ�H[WUD�
HLJKWK�RI�D�ORDI�HDFK�DQG�DOO�WKH�ORDYHV�DUH�GLYLGHG�HTXDOO\�EHWZHHQ�WKH���ZRUNHUV��

2Q�WKH�SLFWXUH�KHUH�

WKH\�HDFK�UHFHLYH�RQH�UHG�SDUW������D�ORDI��DQG�RQH�JUHHQ�SDUW������RI�D�ORDI�����ORDYHV�VSOLW�
LQWR�KDOYHV�DQG���VSOLW�LQWR�HLJKWKV

DQG����� ������������

-DQ����������30

$QRWKHU�ZD\�LQ�ZKLFK�(J\SWLDQ�IUDFWLRQV�DUH�XVHIXO�LV�
FRPSDULQJ�IUDFWLRQV��

:KLFK�LV�ODUJHU������RU����"

1RZ��ZH�FRXOG�FRQYHUW�WKHVH�WR�GHFLPDOV��EXW�LI�ZH�GRQ
W�
KDYH�D�FDOFXODWRU�KDQG\��LW�PLJKW�QRW�EH�VR�REYLRXV��
(J\SWLDQ�IUDFWLRQV�FDQ�KHOS�XV��

8VLQJ�(J\SWLDQ�IUDFWLRQV�ZH�ZULWH�HDFK�DV�D�VXP�RI�XQLW�
IUDFWLRQV�

���� ����������
���� ������������DQG��H[SDQGLQJ������DV������������ZH�
KDYH
���� ������������������

7KHUHIRUH������LV�ELJJHU�WKDQ�����E\������

http://en.wikipedia.org/wiki/rhind_mathematical_papyrus_2/n_table
http://www.youtube.com/watch?v=wcyxl464pjc


PDW���MDQ��FODVV�QRWHERRN

�

-DQXDU\���������

-DQ����������$0

([WUD�&UHGLW�IRU�7KXUVGD\�

��[�����\�����]� �"�

-DQ����������30

�
� %$%</21,$1� *5((.� 520$1� 0$<$1

�

��

��

��

���

���



SCIENCE & ENVIRONMENT
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Dung beetles guided by Milky Way

They may be down in the dirt but it seems dung beetles also have their eyes on the stars.

Scientists have shown how the insects will use the Milky Way to orientate themselves as they roll their balls of muck along the
ground.

Humans, birds and seals are all known to navigate by the stars. But this could be the first example of an insect doing so.

The study by Marie Dacke is reported in the journal Current Biology.

"The dung beetles are not necessarily rolling with the Milky Way or 90 degrees to it; they can go at any angle to this band of light
in the sky. They use it as a reference," the Lund University, Sweden, researcher told BBC News.

Dung beetles like to run in straight lines. When they find a pile of droppings, they shape a small ball and start pushing it away to a
safe distance where they can eat it, usually underground.

Getting a good bearing is important because unless the insect rolls a direct course, it risks turning back towards the dung pile
where another beetle will almost certainly try to steal its prized ball.

Dr Dacke had previously shown that dung beetles were able to keep a straight line by taking cues from the Sun, the Moon, and
even the pattern of polarised light formed around these light sources.

But it was the animals' capacity to maintain course even on clear Moonless nights that intrigued the researcher.

So the native South African took the insects (Scarabaeus satyrus) into the Johannesburg planetarium where she could control the
type of star fields a beetle might see overhead.

Importantly, she put the beetles in a container with blackened walls to be sure the animals were not using information from
landmarks on the horizon, which in the wild might be trees, for example.

The beetles performed best when confronted with a perfect starry sky projected on to the planetarium dome, but coped just as
well when shown only the diffuse bar of light that is the plane of our Milky Way Galaxy.

By Jonathan Amos
Science correspondent, BBC News
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Dr Dacke thinks it is the bar more than the points of light that is important.

"These beetles have compound eyes," she told the BBC. "It's known that crabs, which also have compound eyes, can see a few
of the brightest stars in the sky. Maybe the beetles can do this as well, but we don't know that yet; it's something we're looking at.
However, when we show them just the bright stars in the sky, they get lost. So it's not them that the beetles are using to orientate
themselves."

And indeed, in the field, Dr Dacke has seen beetles run in to trouble when the Milky Way briefly lies flat on the horizon at particular
times of the year.

The question is how many other animals might use similar night-time navigation.

It has been suggested some frogs and even spiders are using stars for orientation. The Lund researcher is sure there will be many
more creatures out there doing it; scientists just need to go look.

"I think night-flying moths and night-flying locusts could benefit from using a star compass similar to the one that the dung beetles
are using," she said.

But for the time being, Dr Dacke is concentrating on the dung beetle. She is investigating the strange dance the creature does on
top of its ball of muck. The hypothesis is that this behaviour marks the moment the beetle takes its bearings.

Jonathan.Amos-INTERNET@bbc.co.uk and follow me on Twitter: @BBCAmos

More Science & Environment stories

Solar plane begins trans-America bid
[/news/science-environment-22369680]
The Solar Impulse plane, which holds records including the longest manned zero-fuel flight, begins a bid to cross the US, taking off from San Francisco.
Vega rocket poised for second launch
[/news/science-environment-22386621]
Nicaragua cloud forest 'under siege'
[/news/science-environment-22379788]

BBC © 2013 The BBC is not responsible for the content
of external sites. Read more.
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America Needs to Study Fractions  
 

Recent research finds that a solid grade school knowledge of fractions and long-form division 
accurately predicts later success in high school math. Christie Nicholson reports 

What part of math was most intimidating when you were in grade school? Maybe it was 
fractions. Or even worse, long-form division. Somehow splitting numbers really seemed 
complicated. 

And the U.S. might be paying for kids’ inability to overcome those early challenges: a new study 
finds that Americans are falling significantly behind in math aptitude compared with China, 
Finland, the Netherlands and Canada. And the root cause is deficiencies in knowledge of 
fractions and division. 

Nearly 600 children were tested once when they were 10 to 12 years old and again five years 
later. Researchers found that a fifth graders’ understanding of fractions and division accurately 
predicts their high school competency in general math achievement. 

The researchers controlled for parents’ education and income as well as for the students’ gender, 
IQ and knowledge of addition, subtraction and multiplication. The study is in the journal 
Psychological Science. 

The researchers note that it’s clear we need to improve instruction in fractions, ratios and 
proportions along with long division. 

So let's get back to the fact that we know that 1/2 is equivalent to 3/6 is equivalent to 502/1004, 
which is equivalent to 9/18. And that is just a fraction of the hard work we need to do. 

—Christie Nicholson 

!
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%\�WKH�ZD\��ZK\�GR�PDWKHPDWLFLDQV�ZHDU�
JODVVHV"

/HW
V�JR�RYHU�WKH�SUREOHP�DW�WKH�HQG�RI�ODVW�
FODVV�

��[�����\�����]� �

7KH�FRPPRQ�GHQRPLQDWRU�ZH�FDQ�EH�VXUH�
DERXW�LV�VLPSO\�[�WLPHV�\�WLPHV�]�RU�[\]�
1RZ��ZKDW�PXVW�ZH�PXOWLSO\�WKH�ILUVW�IUDFWLRQ�WR�
\LHOG�[\]��:HOO��LW�ZRXOG�EH�\]��:H�WKHQ�
PXOOWLSO\�WKH�QXPHUDWRU�����E\�\]��:H�UHSHDW�
WKLV�SURFHVV�IRU�WKH�UHPDLQLQJ�WZR�IUDFWLRQV�WR�
JHW�D�ILQDO�DQVZHU�RI�

�\]���[]���[\��[\]
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:$50�83

���:KDW�LV�D�XQLW�IUDFWLRQ��JLYH�DQ�H[DPSOH�

������������������� 

�������¸����� �

�����D�����E�����F� �

���:KDW�LV�DOO�WKH�IXVV�ZLWK�WKRVH�(J\SWLDQ�
S\UDPLGV�DQ\ZD\"

7LF��7DF�7RH

7KLV�JDPH�LV�FRQVLGHUHG�WR�EH�WKH�ROGHVW�JDPH�HYHU�GHYLVHG�E\�
KXPDQV�VWLOO�SOD\HG�WRGD\��,W�LV�DOVR�WKH�ILUVW�FRPSXWHU�JDPH�
HYHU�EXLOW��$UFKHRORJLVWV�FDQ�WUDFH���LQ�D�URZ�JDPHV�WR�WKH�
DQFLHQW�(J\SWLDQV�RI������%�&��'XULQJ�WKH�WLPH�RI�WKH�JUHDW�
SKDUDRKV��JDPHV�VXFK�DV�777�ZHUH�DQ�LPSRUWDQW�SDUW�RI�
HYHU\GD\�OLIH��
3DLU�XS��SOD\���JDPHV��NHHS�WUDFN�RI�ZLQV�DQG�ORVVHV��DQG�
WU\�WR�WKLQN�RI�VWUDWHJLHV�IRU�ZLQQLQJ��,PDJLQH�\RXUVHOI�LQ�
DQFLHQW�(J\SW��SOD\LQJ�XQGHU�D�KRW�VXQ��D�KDOI�ILQLVKHG�
S\UDPLG�YLVLEOH�LQ�WKH�GLVWDQFH�
&RQVLGHU��,I�\RX�FRQVLGHU�WKH�ILUVW�PRYH�DV�KDYLQJ���SRVVLEOH�ZD\V�WR�SOD\��
WKHQ�WKH�VHFRQG�PRYH���SRVVLEOH�ZD\V�DQG�VR�RQ��WKHUH�DUH����ZD\V�WR�
SOD\�RU���������SRVVLELOLWLHV��
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7LF�7DF�7RH�6WUDWHJLHV�

7KHUH�DUH�EDVLFDOO\�RQO\�WKUHH�PDLQ�7LF�7DF�7RH�VWUDWHJLHV�\RX�PXVW�
IROORZ�WR�ZLQ�

&KRRVH�WR�VWDUW��,I�\RX�KDYH�WKH�FKRLFH�\RX�VKRXOG�DOZD\V�VWDUW�EHFDXVH�
\RX�PDWKHPDWLFDOO\�KDYH�PRUH�RSWLRQV�WR�ZLQ�

,I�\RX�DUH�ILUVW��FKRRVH�D�FRUQHU��<RX�VKRXOG�DOZD\V�FKRRVH�D�FRUQHU�ILUVW�
EHFDXVH�PDWKHPDWLFDOO\�LW�JLYHV�WKH�RSSRQHQW�WKH�OHDVW�DPRXQW�RI�RSWLRQV�
WR�DYRLG�\RX�ZLQQLQJ�

,I�\RX�DUH�VHFRQG��DOZD\V�FKRRVH�FRUQHU�RU�FHQWHU�FKRRVH�FHQWHU�LI�
DYDLODEOH��LI�QRW�FKRRVH�FRUQHU��<RX�ZLOO�ORVH�LI�\RX�GR�QRW�IROORZ�WKLV�
VWUDWHJ\�

,I�ERWK�SOD\HUV�IROORZ�WKHVH�UXOHV�DQG�SD\�DWWHQWLRQ�GXULQJ�WKH�UHVW�RI�WKH�
JDPH��QHLWKHU�ZLOO�ZLQ�DQG�QHLWKHU�ZLOO�ORVH���FDOOHG�D�GUDZ�RU�FDW
V�
JDPH��+RZHYHU��PRVW�GRQ
W�SD\�DWWHQWLRQ�DQG�\RX�ZLOO�ILQG�RSSRUWXQLWLHV�
WR�ZLQ��

%HIRUH�ZH�PRYH�RQ�IURP�WKH�5KLQG�3DS\UXV��
OHW
V�FRQVLGHU�RQH�RWKHU�LQWHUHVWLQJ�FRQFHSW�
WKDW�WKH�DQFLHQW�(J\SWLDQV�DSSHDUHG�WR�KDYH�
EHHQ�DZDUH�RI�RQ�VRPH�OHYHO��

7KDW�LV�WKH�QRWLRQ�RI�3ULPH�1XPEHUV��3ULPH�
QXPEHUV�DUH�D�ELJ�GHDO��VR�PXFK�VR�WKDW�ZH�
ZLOO�FRYHU�WKHP�D�IHZ�PRUH�WLPHV�LQ�WKLV�
FRXUVH��+RZHYHU��WRGD\��OHW
V�MXVW�IRFXV�RQ�
WKHLU�GHILQLWLRQ��UHODWLRQVKLS�WR�FRPSRVLWHV�DQG�
KRZ�WR�SULPH�IDFWRUL]H��
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3ULPH�1XPEHUV�DUH�QDWXUDO�QXPEHUV�
JUHDWHU�WKDQ���WKDW�DUH�RQO\�GLYLVLEOH�E\���
DQG�WKDW�QXPEHU��

)RU�H[DPSOH����LV�SULPH�EHFDXVH�RQO\���DQG�
��GLYLGH�LW��$V�D�FRXQWHU�H[DPSOH����LV�QRW�
SULPH�EHFDXVH�ZKLOH���DQG���GLYLGH�LW��VR�GR�
��DQG����1XPEHUV�WKDW�DUH�QRW�SULPH�DUH�
FDOOHG�FRPSRVLWH�QXPEHUV��7KH�LQWHUHVWLQJ�
WKLQJ�DERXW�FRPSRVLWH�QXPEHUV�LV�WKDW�WKH\�
DUH�PDGH�XS�RI�SULPH�QXPEHUV�

,I�ZH�VWDUW�EUHDNLQJ�GRZQ�D�FRPSRVLWH�QXPEHU��
ZH�ZLOO�$/:$<6�JHW�D�VHULHV�RI�SULPH�QXPEHUV�
ZKRVH�SURGXFW�LV�WKDW�FRPSRVLWH�QXPEHU��7KLV�
SURFHVV�RI�ILQGLQJ�WKH��LQJUHGLHQW��QXPEHUV�RI�D�
FRPSRVLWH�LV�FDOOHG�SULPH�IDFWRUL]DWLRQ�

/HW
V�WU\�RQH�WRJHWKHU�DQG�WKHQ�\RX�FDQ�DWWHPSW�
WKH�ZRUNVKHHW��

��
��

� �
2QFH�ZH�KDYH�RQO\�SULPH�QXPEHUV��ZH�ZULWH�RXU�
DQVZHU�IURP�VPDOOHVW�WR�JUHDWHVW��VR�WKH�SULPH�
IDFWRUL]DWLRQ�RI���� ��
�
��
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6R�IDU��ZH�KDYH�GLVFXVVHG�WKH�,VKDQJR�%RQH��
DQG�ZH�GHOYHG�LQWR�WKH�5KLQG�3DS\UXV��WZR�
LPSRUWDQW�DQG�DQFLHQW�PDWKHPDWLFDO�WH[WV��

$QRWKHU�DUWLIDFW�ZH�ZLOO�FRQVLGHU�WRGD\�LV�WKH�
3OLPSWRQ������7KLV�LV�D�P\VWHULRXV�FOD\�WDEOHW�
ZULWWHQ�DURXQG������%�&��7KLV�WDEOHW�LV�WUDFHG�
WR�WKH�2OG�%DE\ORQLDQ�FLYLOL]DWLRQ��ZKDW�LV�QRZ�
PRGHUQ�GD\�,UDT��

,W�LV�QDPHG�3OLPSWRQ�DIWHU�D�1HZ�<RUNHU��*HRUJH�3OLPSWRQ��
ZKR�SXUFKDVHG�LW�IRU����ORXV\�EXFNV�LQ�������
/HVVRQ��2QFH�LQ�D�ZKLOH��VRPHWKLQJ�WKDW�DSSHDUV�ZRUWKOHVV�
WR�HYHU\RQH�LV�DFWXDOO\�D�WUHDVXUH�LQ�GLVJXLVH�
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:KDW�LV�RI�LQWHUHVW�WR�XV�LV�WKH�OLVW�RI�3\WKDJRUHDQ�7ULSOHV�
IRXQG�RQ�WKH�3OLPSWRQ������
%HIRUH�ZH�GLVFXVV�ZKDW�WKH\�DUH��DQG�KRZ�WKH\�DUH�LPSRUWDQW��
ZH�VKRXOG�ILUVW�FRQVLGHU�WKH�IRUPXOD�WKDW�DOORZV�XV�WR�VROYH�
IRU�WKHP����
���SHUKDSV�WKH�PRVW�IDPRXV�PDWK�HTXDWLRQ�WKLV�OLWWOH�URFN�ZH�
IRQGO\�FDOO�SODQHW�HDUWK�KDV�HYHU�NQRZQ��WKDW�LV���

���RI�FRXUVH�WKH�3\WKDJRUHDQ�7KHRUHP�

)RUPDOO\��LW�VWDWHV�WKDW�IRU�DQ\�ULJKW�WULDQJOH��WKH�
VTXDUH�RI�WKH�K\SRWHQXVH��WKH�VLGH�RSSRVLWH�WKH�
ULJKW�DQJOH��LV�HTXDO�WR�WKH�VXP�RI�WKH�VTXDUHV�RI�
WKH�UHPDLQLQJ�WZR�VPDOOHU�VLGHV�
7KLV�LV�RIWHQ�H[SUHVVHG�DV�
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7R�EH�IDLU��WKHUH�LV�HYLGHQFH�WKDW�WKH�WKHRUHP�
ZDV�GHYHORSHG�E\�WKH�+LQGX�0DWKHPDWLFLDQ�
%DXGKD\DQD�KXQGUHGV�RI�\HDUV�EHIRUH�
3\WKDJRUDV��
/HVVRQ��,Q�KLVWRU\��DV�LQ�OLIH��SHUFHSWLRQ�LV�
UHDOLW\��<RX�PLJKW�GLVFRYHU�VRPHWKLQJ�
DPD]LQJ��EXW�WKH�ZRUOG�PLJKW�MXVW�JLYH�
VRPHRQH�HOVH�WKH�FUHGLW�

+H\��7KLV�LV�PDWK�FODVV�DIWHU�DOO��VR�OHW
V�GLYH�
LQWR�VRPH�PRUH�SUREOHPV��
+RZHYHU��VLQFH�WKH�3\WKDJRUHDQ�7KHRUHP�LV�VR�
VWUDLJKWIRUZDUG��WKH�IROORZLQJ�ZRUNVKHHW�DVNV�
IRU�WKH�DUHD�RI�WKH�WULDQJOHV��/HW
V�UHIUHVK�ZKDW��
WKDW�IRUPXOD�LV���

$UHD�RI�DQ\�7ULDQJOH� �������[�%DVH�[�+HLJKW
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3\WKDJRUHDQ�7ULSOHV

$�3\WKDJRUHDQ�WULSOH�FRQVLVWV�RI�WKUHH�SRVLWLYH�LQWHJHUV�D��E��
DQG�F��VXFK�WKDW�D����E�� �F���6XFK�D�WULSOH�LV�FRPPRQO\�
ZULWWHQ��D��E��F���DQG�D�ZHOO�NQRZQ�H[DPSOH�LV�����������

+RZHYHU��ULJKW�WULDQJOHV�ZLWK�QRQ�LQWHJHU�VLGHV�GR�QRW�IRUP�
3\WKDJRUHDQ�WULSOHV��)RU�LQVWDQFH��WKH�WULDQJOH�ZLWK�VLGHV�D� �
E� ���DQG�F� �¥��LV�ULJKW��EXW��������¥���LV�QRW�D�3\WKDJRUHDQ�
WULSOH�EHFDXVH�¥��LV�QRW�DQ�LQWHJHU�

7KH�WULSOHV�OLVWHG�RQ�WKH�3OLPSWRQ�����DUH�WRR�PDQ\�WR�KDYH�
EHHQ�FRQVWUXFWHG�E\�EUXWH�IRUFH��)URP�D�PRGHUQ�SHUVSHFWLYH��
D�PHWKRG�IRU�FRQVWUXFWLQJ�VXFK�WULSOHV�LV�D�VLJQLILFDQW�HDUO\�
DFKLHYHPHQW��NQRZQ�EHIRUH�RQO\�DPRQJ�WKH�*UHHNV�

+:�IRU�7XHVGD\
/2*,&�38==/(�

2Q�WKH�IROORZLQJ�SDJH��WKHUH�ZLOO�EH�D�FURVV�
VKDSHG�GHVLJQ�ZLWK���ER[HV��7KH�JRDO�RI�WKH�
JDPH�LV�XVLQJ�WKH�QXPEHUV�����RQO\��DUUDQJH�WKH�
QXPEHUV�LQ�WKH�ER[�KRZHYHU�\RX�OLNH��WKH�RQO\�
FRQGLWLRQ�LV�QR�WZR�DGMDFHQW�QXPEHUV�FDQ�WRXFK��
YHUWLFDOO\��KRUL]RQWDOO\��RU�GLDJRQDOO\��6R��IRU�
H[DPSOH����DQG���VKRXOG�EH�QR�ZKHUH�QHDU�RQH�
DQRWKHU�

7U\�WR�WKLQN�WKURXJK�WKH�ORJLF�RI�WKH�JDPH�EHIRUH�
\RX�VWDUW�
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Tic-Tac-Toe 

www.PrintablePaper.net 
 

 
A game for two players. 
 
Using a traditional three-by-three tic-tac-toe grid, players alternate writing an "X" 
or "O" on the board.  Traditionally the player using X goes first.  The goal for each 
player is to get three of their symbols in a row, vertically, horizontally, or 
diagonally.  The first player to do so is the winner.  Strategies include blocking 
your opponent to keep them from completing their three-in-a-row symbols. 
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Kuta Software - Infinite Pre-Algebra Name___________________________________

  Period____Date________________The Pythagorean Theorem

Do the following lengths form a right triangle?

1)  

6 8

9

2)  

5
12

13

3)  

6

8
10

4)  

3 4

5

5)  a = 6.4,  b = 12,  c = 12.2 6)  a = 2.1,  b = 7.2,  c = 7.5

Find each missing length to the nearest tenth.

7)  

4
8

8)  

6
3

9)  

7 10

10)  

7

3

11)  

7
2

12)  

2
6

-1-
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13)  

2

5

14)  

10

3

15)  

3.6
7.4

16)  

3.9
11

17)  

6.5

9.9

18)  

9.7
13.3

19)  

9.2

5.2

20)  

6.5

2.7

21)  

5.3

7.2

22)  

2.7

6.5

-2-
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Kuta Software - Infinite Pre-Algebra Name___________________________________

  Period____Date________________The Pythagorean Theorem

Do the following lengths form a right triangle?

1)  

6 8

9

No

2)  

5
12

13

Yes

3)  

6

8
10

Yes

4)  

3 4

5

Yes

5)  a = 6.4,  b = 12,  c = 12.2

No

6)  a = 2.1,  b = 7.2,  c = 7.5

Yes

Find each missing length to the nearest tenth.

7)  

4
8

8.9

8)  

6
3

6.7

9)  

7 10

12.2

10)  

7

3
7.6

11)  

7
2

7.3

12)  

2
6

6.3

-1-



©Q N2n0K1U2y SKXuDtyap ZS5oafYtLwBa0rUeF OLDLUCT.m v RAdlEl6 jrNitghhHtBsJ Jrleesletr9vFe2dX.K g hMaa7dzeZ Xwqi5txh5 II7nbfTi4n8i1tLef rPDrwei-tAkligPeXbjrHaZ.B Worksheet by Kuta Software LLC

13)  

2

5
5.4

14)  

10

3
10.4

15)  

3.6
7.4

6.5

16)  

3.9
11

10.3

17)  

6.5

9.9

7.5

18)  

9.7
13.3

9.1

19)  

9.2

5.2

10.6

20)  

6.5

2.7
7

21)  

5.3

7.2

4.9

22)  

2.7

6.5

5.9

-2-
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  Period____Date________________Area of Triangles

Find the area of each.

1)  

4.5 mi

8 mi

2)  

1.9 km

5 km

3)  

1.5 in

4 in

4)  

2.8 m
3 m

5)  

6.6 yd

7 yd

6)  

4.7 yd

2 yd

-1-
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7)  
11 km 14 km

7.4 km

20 km

8)  
18 cm

15.4 cm

5 cm

9)  
14 m 8 m

7 m

16 m

10)  
19 km

7.7 km

11 km

11)  

14 m

14 m

12.1 m

14 m

12)  

11 km

9.4 km

16 km

13)  

8 ft

5.1 ft

11 ft

14)  

11 yd

6 yd

16 yd

-2-
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  Period____Date________________Area of Triangles

Find the area of each.

1)  

4.5 mi

8 mi

18 mi²

2)  

1.9 km

5 km

4.75 km²

3)  

1.5 in

4 in

3 in²

4)  

2.8 m
3 m

4.2 m²

5)  

6.6 yd

7 yd

23.1 yd²

6)  

4.7 yd

2 yd

4.7 yd²

-1-
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7)  
11 km 14 km

7.4 km

20 km

74 km²

8)  
18 cm

15.4 cm

5 cm

38.5 cm²

9)  
14 m 8 m

7 m

16 m

56 m²

10)  
19 km

7.7 km

11 km

42.35 km²

11)  

14 m

14 m

12.1 m

14 m

84.7 m²

12)  

11 km

9.4 km

16 km

75.2 km²

13)  

8 ft

5.1 ft

11 ft

28.05 ft²

14)  

11 yd

6 yd

16 yd

48 yd²

-2-
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  Period____Date________________Factors and Factorization

List all positive factors of each.

1)  30 2)  22

3)  28 4)  16

5)  60 6)  87

7)  68 8)  99

9)  85 10)  72

11)  96 12)  74

13)  86 14)  75

-1-
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Write the prime-power factorization of each.

15)  48 16)  35

17)  46 18)  40

19)  100 20)  66

21)  75 22)  72

23)  65 24)  81

25)  80 26)  54

27)  972 28)  660

-2-
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  Period____Date________________Factors and Factorization

List all positive factors of each.

1)  30

1, 2, 3, 5, 6, 10, 15, 30

2)  22

1, 2, 11, 22

3)  28

1, 2, 4, 7, 14, 28

4)  16

1, 2, 4, 8, 16

5)  60

1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60

6)  87

1, 3, 29, 87

7)  68

1, 2, 4, 17, 34, 68

8)  99

1, 3, 9, 11, 33, 99

9)  85

1, 5, 17, 85

10)  72

1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, 72

11)  96

1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 96

12)  74

1, 2, 37, 74

13)  86

1, 2, 43, 86

14)  75

1, 3, 5, 15, 25, 75

-1-
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Write the prime-power factorization of each.

15)  48

  

2
4
 ⋅ 3

16)  35

 

5 ⋅ 7

17)  46

 

2 ⋅ 23

18)  40

  

2
3
 ⋅ 5

19)  100

  

2
2
 ⋅ 

 

5
2

20)  66

  

2 ⋅ 3 ⋅ 11

21)  75

 

3 ⋅ 

 

5
2

22)  72

  

2
3
 ⋅ 

 

3
2

23)  65

 

5 ⋅ 13

24)  81

 

3
4

25)  80

  

2
4
 ⋅ 5

26)  54

 

2 ⋅ 

 

3
3

27)  972

  

2
2
 ⋅ 

 

3
5

28)  660

    

2
2
 ⋅ 3 ⋅ 5 ⋅ 11
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PDW���IHE�WKFODVV�QRWHERRN )HEUXDU\���������

:KDW�GLG�WKH�]HUR�VD\�WR�WKH��"

³7KH�KLJKHVW�IRUP�RI�SXUH�WKRXJKW�LV�LQ�
PDWKHPDWLFV�´

�3ODWR�

:$50�83

���:KDW�LV�WKH�EDVH��OHQJWK��RI�D�WULDQJOH�ZLWK�DQ�
DUHD�RI����DQG�KHLJKW���"

���,V�����SULPH�RU�FRPSRVLWH"�+RZ�DERXW����"

���3ULPH�IDFWRUL]H�WKH�QXPEHU�����DQG�WKHQ�WKH�
QXPEHU�����

���,I�\RX�NQRZ�WKH�K\SRWHQXVH�RI�D�ULJKW�WULDQJOH�
LV�RI�OHQJWK�����DQG�\RX�NQRZ�WKH�RWKHU�VLGH�LV�RI�
OHQJWK�����ZKDW�LV�WKH�OHQJWK�RI�WKH�WKLUG�VLGH"
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3\WKDJRUHDQ�7ULSOHV

$�3\WKDJRUHDQ�WULSOH�FRQVLVWV�RI�WKUHH�SRVLWLYH�LQWHJHUV�D��E��
DQG�F��VXFK�WKDW�D����E�� �F���6XFK�D�WULSOH�LV�FRPPRQO\�
ZULWWHQ��D��E��F���DQG�D�ZHOO�NQRZQ�H[DPSOH�LV�����������

+RZHYHU��ULJKW�WULDQJOHV�ZLWK�QRQ�LQWHJHU�VLGHV�GR�QRW�IRUP�
3\WKDJRUHDQ�WULSOHV��)RU�LQVWDQFH��WKH�WULDQJOH�ZLWK�VLGHV�D� �
E� ���DQG�F� �¥��LV�ULJKW��EXW��������¥���LV�QRW�D�3\WKDJRUHDQ�
WULSOH�EHFDXVH�¥��LV�QRW�DQ�LQWHJHU�

7KH�WULSOHV�OLVWHG�RQ�WKH�3OLPSWRQ�����DUH�WRR�PDQ\�WR�KDYH�
EHHQ�FRQVWUXFWHG�E\�EUXWH�IRUFH��)URP�D�PRGHUQ�SHUVSHFWLYH��
D�PHWKRG�IRU�FRQVWUXFWLQJ�VXFK�WULSOHV�LV�D�VLJQLILFDQW�HDUO\�
DFKLHYHPHQW��NQRZQ�EHIRUH�RQO\�DPRQJ�WKH�*UHHNV�

62/87,21�IRU
/2*,&�38==/(�

7KHUH�DUH�PDQ\�FRUUHFW�VROXWLRQV��+RZHYHU��
VLQFH���DQG���DUH�RQO\�DGMDFHQW�WR���DQG����
UHVSHFWLYHO\��ZH�ZDQW�WKRVH�WR�EH�SODFHG�ZKHUH�
WKH\�WRXFK�WKH�PRVW�VTXDUHV�
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� �

� � ��

� �

:KDW�LV�UDQGRPQHVV"

+RZ�GR�ZH�GHILQH�LW"

&DQ�ZH�FUHDWH�LW"

2QH�ZD\�LQ�ZKLFK�ZH�FDQ�FUHDWH�VRPH�UHOLDEOH�
UDQGRPQHVV�LV�WKH�UROOLQJ�RI�GLFH��6LQFH�WKH�GLFH�
LV�SUHVXPHG�WR�EH�RI�HYHQO\�GLVWULEXWHG�ZHLJKW��
WKHUH�LV�DQ�HTXDO�OLNHOLKRRG�RI�WKH�GLH�ODQGLQJ�RQ�
DQ\�RI�LWV���JLYHQ�VLGHV��7KLV�DOORZV�XV�WR�XVH�
GLFH�DV�UDQGRP�JHQHUDWRUV�DQG�ZK\�LW�FDQ�
DSSHDU�LQ�JDPHV�ZKHUH�UDQGRPQHVV�LV�QHHGHG���



PDW���IHE�WKFODVV�QRWHERRN )HEUXDU\���������

)RU�UDQGRP�JHQHUDWRUV�OLNH�GLFH��ZH�RIWHQ�ZDQW�
WR�FDOFXODWH�SUREDELOLWLHV��DQG�WKH�NH\�LV�WR�
FRQVLGHU�WKH�RYHUDOO�VDPSOH�VSDFH�DQG�WKHQ�
FRQVLGHU�WKH�GHVLUHG�UHVXOW��
7KH�DQVZHU�LV���

GHVLUHG�UHVXOW�VDPSOH�VSDFH

&RQVLGHU��:KDW�LV�WKH�SUREDELOLW\�RI�JHWWLQJ�D�
DFH�RU�EODFN�FDUG�RQ�D�VLQJOH�GUDZ�RI�D�UHJXODU�
GHFN�RI�FDUGV"

$16������LV�WRWDO�VDPSOH�VSDFH��GHVLUHG�UHVXOW�
LV����EODFN�FDUGV�����UHG�DFHV� 

�����

1RZ�WU\�IRU�IXQ�

:KDW�LV�WKH�SUREDELOLW\�RI�JHWWLQJ�D�WZR�GLJLW�
VXP�RQ�D�VLQJOH�UROO�RI�D�SDLU�RI�GLFH"

7KHUH�DUH��[�� ����SRVVLEOH�RXWFRPHV�
7KH�KLJKHVW�VXP�LV���DQG���RU����
7KH�VHFRQG�KLJKHVW�LV�����ZKLFK�FDQ�EH�
REWDLQHG�E\�D���DQG���RU�D���DQG���
7KH�WKLUG�KLJKHVW�LV�D�����ZKLFK�FDQ�EH�
REWDLQHG�E\�D���DQG����D���DQG���RU�D���DQG���
7RJHWKHU��ZH�KDYH���WRWDO�RXWFRPHV�WKDW�KDYH�
D�WZR�GLJLW�VXP�VR�RXU�DQVZHU�LV������RU������



PDW���IHE�WKFODVV�QRWHERRN )HEUXDU\���������

2QH�RI�WKH�UHDVRQV�ZK\�PDWKHPDWLFV�LV�VR�
SRZHUIXO�LV�WKDW�DQ\WKLQJ��HYHQ���� ���KDV�
WR�EH�SURYHQ�LQ�RUGHU�IRU�LW�WR�EHFRPH�
DFFHSWHG�DV�IDFW��7KLV�SURFHVV�RI�ZULWLQJ�D�
SURRI�LV�DW�WKH�KHDUW�RI�PDWKHPDWLFV��DQG�
FDQ�EH�VXUSULVLQJO\�GLIILFXOW�WR�GR��HYHQ�IRU�
VLPSOH�SURRIV��,Q�DGGLWLRQ��WKHUH�FDQ�EH�
PRUH�WKDQ�RQH�SURRI�IRU�WKH�VDPH�FRQFHSW��
IRU�H[DPSOH�WKHUH�LV�D�ERRN�WKDW�RXWOLQHV�
����GLVWLQFW�SURRIV�IRU�WKH�3\WKDJRUHDQ�
7KHRUHP��/HW
V�EULHIO\�WDNH�D�ORRN�DW�RQH�RI�
WKHVH�SURRIV�



PDW���IHE�WKFODVV�QRWHERRN )HEUXDU\���������

7KLV�SURRI�ZLOO�XVH�EDVLF�DOJHEUD�WR�SURYH�
WKDW�D����E�� �F��
&RQVLGHU�WKH�IROORZLQJ�GLDJUDP�

:KDW�LV�WKH�DUHD�RI�WKH�ELJJHU�VTXDUH"

7KH�DUHD�LV�JLYHQ�E\�
$� ��D�E��D�E�

:KDW�DERXW�WKH�DUHD�
RI�WKH�VPDOOHU�\HOORZ�
VTXDUH"

:HOO��WKDW�LV�MXVW�$� �F��
+RZ�DERXW�WKH�DUHD�RI�WKH�IRXU�EOXH�WULDQJOHV"�
:HOO�LI�HDFK�WULDQJOH�LV�JLYHQ�E\����DE��WKHQ�DOO���
LV��
���DE�RU�VLPSOLILHV�WR��DE�

7KHUHIRUH��WKH�VXP�RI�WKH�\HOORZ�VTXDUH�DQG�WKH�
IRXU�WULDQJOHV�LV�JLYHQ�E\�F�����DE��



PDW���IHE�WKFODVV�QRWHERRN )HEUXDU\���������

1RZ�ZH�KDYH�WZR�
GLVWLQFW�ZD\V�WR�
UHSUHVHQW�WKH�RYHUDOO�
DUHD�
�D�E��D�E��DQG�F�����DE

6HWWLQJ�WKHP�HTXDO�WR�RQH�DQRWKHU
�D�E��D�E�� �F�����DE

)URP�KHUH��XVH�)2,/��DQG�DOJHEUDLF�
UHDUUDQJLQJ�WR�VHH�LI�\RX�FDQ�DUULYH�DW�WKH�
3\WKDJRUHDQ�7KHRUHP��,I�\RX�FDQ��WKHQ�ZH�
KDYH�SURYHQ�WKH�7KHRUHP��4�(�'��
7KLV�LV�D�SURRI�IURP�&KLQD�IURP�RYHU������
\HDUV�DJR�
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3<7+$*25($1�7+(25(0�&+$//(1*(�
*DU\�LV�VWDQGLQJ�RQ�D�GRFN��P�DERYH�WKH�ZDWHU��+H�LV�SXOOLQJ�LQ�D�
ERDW�WKDW�LV�DWWDFKHG�WR�WKH�HQG�RI�D����P�URSH��LI�KH�SXOOV�LQ����P�RI�
URSH��KRZ�IDU�GLG�KH�PRYH�WKH�ERDW"�

$16�

)LUVW��ZH�FDOFXODWH�WKH�VWDUWLQJ�GLVWDQFH�WKH�
ERDW�LV�IURP�WKH�GRFN��7KLV�LV�JLYHQ�E\������E�� �
������6ROYLQJ�IRU�E��ZH�JHW����P�
1RZ��VLQFH�ZH�NQRZ�ZH�PRYHG����P�RI�WKH�
URSH�LQ��ZH�WDNH�WKH�RULJLQDO�URSH�OHQJWK�RI����P�
DQG�VXEWUDFW����P�WR�JHW����P�RI�URSH�DIWHU�
*DU\�SXOOV�WKH�ERDW�LQ��6ROYLQJ�DJDLQ��ZH�KDYH��
�����E�� �������6ROYLQJ�IRU�E��ZH�JHW�E� ����P�

7KH�DQVZHU�LV�WKHQ�MXVW�WKH�RULJLQDO�GLVWDQFH�RI�
����PLQXV�WKH�QHZ�GLVWDQFH�RI�����WR�JHW����P�
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0DJLF�VTXDUHV
0DJLF�VTXDUHV�DUH�ER[HV��ZKHUH�WKH�VXPV�RI�WKH�QXPEHUV�LQ�WKH�KRUL]RQWDO�URZV��
YHUWLFDO�FROXPQV�DQG�PDLQ�GLDJRQDOV�DUH�DOO�HTXDO��0DJLF�VTXDUHV�KDYH�EHHQ�
PHQWLRQHG�LQ�DQFLHQW�&KLQHVH�OLWHUDWXUH�VLQFH������%�&��+HUH�ZH�ILQG�WKH�
IROORZLQJ�VWRU\�

$W�RQH�WLPH��WKHUH�ZDV�D�KXJH�IORRG��7KH�SHRSOH�WULHG�WR�RIIHU�VDFULILFHV�WR�WKH�
JRG�RI�RQH�RI�WKH�IORRGLQJ�ULYHUV��WKH�/R�ULYHU��WR�FDOP�KLV�DQJHU��$V�WKH\�
ZHUH�GRLQJ�WKLV��D�WXUWOH�HPHUJHG�IURP�WKH�ZDWHU�ZLWK�D�FXULRXV�SDWWHUQ�RQ�LWV�
VKHOO��ZLWK�SDWWHUQV�RI�FLUFXODU�GRWV�DUUDQJHG�LQ�D�WKUHH�E\�WKUHH�JULG�RQ�WKH�
VKHOO��VXFK�WKDW�WKH�VXP�RI�WKH�QXPEHUV�LQ�HDFK�URZ��FROXPQ�DQG�GLDJRQDO�
ZDV�WKH�VDPH������7KH�SHRSOH�ZHUH�DEOH�WR�XVH�WKLV�PDJLF�VTXDUH�WR�FRQWURO�
WKH�ULYHU�DQG�UHGXFH�WKH�IORRG�

3HRSOH�QRUPDOO\�VD\�WKHUH�LV�RQO\�RQH��[��PDJLF�VTXDUH��,Q�RQH�VHQVH�WKLV�LV�
WUXH��LQ�DQRWKHU�LW�LV�QRW��,W�LV�WUXH�EHFDXVH�DOO�WKH��[��PDJLF�VTXDUHV�DUH�
UHODWHG�E\�V\PPHWU\��2QFH�\RX�KDYH�RQH��\RX�FDQ�JHW�DOO�WKH�RWKHUV�E\�WXUQLQJ�
RU�IOLSSLQJ�WKH�RQH�\RX�IRXQG�
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+:�

&RPSOHWH�WKH��[��PDJLF�VTXDUH�DQG�WKHQ�OLVW�
DOO�WKH�RWKHU�V\PPHWULHV�RI�WKH�VTXDUH��

+,17��<RX�VKRXOG�KDYH�D�WRWDO�RI���PDJLF�
VTXDUHV��
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:K\�ZDV���DIUDLG�RI��"

:$50�83�

���*LYH�D�IHZ�H[DPSOHV�RI�KRZ�WR�JHQHUDWH�
UDQGRPQHVV�RU�ZKDW�\RX�GHILQH�DV�UDQGRP�

���:KDW�LV�WKH�SUREDELOLW\�RI�JHWWLQJ�D�VXP�RI���RI�
D�VLQJOH�UROO�RI�D�SDLU�RI�GLFH"

���,V���������D�3\WKDJRUHDQ�WULSOH"�+RZ�DERXW�
�������"

���:KDW�LV�WKH�FKDQFH�RI�JHWWLQJ���KHDGV�LQ�D�
URZ"



PDW���IHE�FODVV�QRWHERRN )HEUXDU\���������

3522)�7+$7��� ��

���/HW�D�DQG�E�EH�HTXDO�QRQ�]HUR�TXDQWLWLHV�DQG��D� �E

���0XOWLSO\�WKURXJK�E\�D�������D�� �DE�

���6XEWUDFW�E������������D����E�� �DE���E�

���)DFWRU�ERWK�VLGHV���������D���E��D���E�� �E�D���E�

���'LYLGH�RXW��D���E����������D���E� �E

���2EVHUYLQJ�WKDW�D� �E���������E���E� �E

���&RPELQH�OLNH�WHUPV�RQ�WKH�OHIW������������E� �E

���'LYLGH�E\�WKH�QRQ�]HUR�E������������ ��

4�(�'�

6SHQG�D�IHZ�PLQXWHV�DQG�WU\�WR�LVRODWH�WKH�VLQJOH�PLVWDNH�LQ�WKH�SURRI�

0$*,&�648$5(6�62/87,21
+HUH
V�KRZ�WR�GR�LW�

[���[�������[���[����������[���[
[�[�[��������[�[�[����������[�[
[�[�[��������[�[����������[�[��

[���[���������[���[�������[����
��[�[������������[�����������[
��[������������[������������[��

[�������������������������������
�������������������������������
��[������������[���������������

���6WDUW�IURP�WRS�URZ�PLGGOH�FROXPQ�ZLWK�6 ���6�LV�WKH�VWDUWLQJ�YDOXH�
���$GG�����������������GLDJRQDOO\��WKDW�PHDQV�WU\�WR�JR�83�WKHQ�5,*+7�
���,I�83�LV�EORFNHG��JR�WR�5LJKW�FROXPQ��DQG�ILOO�WKH�ERWWRP�URZ��HJ��OLNH�ILOOLQJ�����
���,I�5,*+7�LV�EORFNHG��JR�WR�WKH�/()7�PRVW�FROXPQ�RI�RQH�URZ�DERYH��HJ�OLNH�ILOOLQJ�����
���6LQFH�WKLV�LV�D��[��VTXDUH��DIWHU���QXPEHUV��WKHQ�ILOO�WKH�QH[W�QXPEHU�MXVW�RQH�URZ�
'2:1�
HJ�OLNH�ILOOLQJ�LQ�����
���5HSHDW�IURP�VWHS���
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3\WKDJRUDV�DQG�0DWKHPDWLFDO�5HOLJLRVLW\

:H�KDYH�QRZ�VSHQW�VRPH�WLPH�ZLWK�WKH�
3\WKDJRUHDQ�7KHRUHP��/HW�XV�DOVR�FRQVLGHU�
3\WKDJRUDV�KLPVHOI��$V�D�*UHHN�PDWKHPDWLFLDQ�
OLYLQJ�DERXW�����%�&���QXPEHUV�ZHUH�JRGV��SXUH�
DQG�IUHH�IURP�WKH�FRQVWUDLQWV�RI�WKH�UHDO�ZRUOG��
3\WKDJRUDV�DQG�KLV�SHHUV�IHOW�WKDW�QXPEHUV�
ZHUH�DOLYH��7KH\�IRXQG�PDWKHPDWLFV�WR�EH�D�
UHYHODWLRQ��

$�TXHVWLRQ�WR�SRQGHU��LV�PDWKHPDWLFV�D�FUHDWLRQ�
RI�WKH�KXPDQ�PLQG�RU�LV�LW�D�SDUW�RI�WKH�XQLYHUVH�
WKDW�LV�LQGHSHQGHQW�RI�KXPDQ�WKRXJKW"

)RUJHW�:DOGR��ZKHUH�LV�3\WKDJRUDV"
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7+(�$1&,(17�*5((.6��
7KH\�UHYHUHG�PDWKHPDWLFV�PRUH�WKDQ�PRGHUQ�
PRGHUQ�$PHULFDQV�UHYHUH�-XVWLQ�%LHEHU�	�/DG\�
*DJD��FRPELQHG��,PDJLQH�WKDW�

7KH�*UHHNV��6R�PXFK�PDWK��VR�OLWWOH�WLPH����

/HW
V�VWDUW�RXU�IRUD\�RI�DQFLHQW�*UHHN�PDWKHPDWLFV�E\�ORRNLQJ�
DW�D�SDUDGR[���6SHFLILFDOO\��LW�LV�RQH�RI�VHYHUDO�FDOOHG�=HQR
V�
3DUDGR[HV��QDPHG�DIWHU�D�*UHHN�3KLORVRSKHU�RI�WKH�VDPH�
QDPH�ZKR�SRVHG�D�VHULHV�RI�ULGGOHV�

6R��LPDJLQH�\RX�DUH�WU\LQJ�WR�JHW�IURP�3RLQW�$�WR�3RLQW�%��)RU�
H[DPSOH��ZKHUHYHU�\RX�DUH�WR�WKH�FORVHVW�ZDOO�RU�3KLODGHOSKLD�
WR�VRPH�FLW\�\RX�ZDQW�WR�YLVLW��

:HOO��RQH�ZD\�WR�JHW�IURP�RQH�SRLQW�WR�WKH�QH[W�\RX�PXVW�ILUVW�
WUDYHO�KDOI�RI�WKH�GLVWDQFH��)URP�WKHUH�\RX�PXVW�WUDYHO�KDOI�RI�
WKH�UHPDLQLQJ�GLVWDQFH��7KLV�SURFHVV�FRQWLQXHV����
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7KH�0DWK�EHKLQG�=HQR
V�3DUDGR[�

���7R�JR�KDOI�WKH�GLVWDQFH�IURP�SRLQW�$�WR�SRLQW�%�LV������
���1RZ��DW�WKH�KDOIZD\�SRLQW�EHWZHHQ�$�DQG�%��\RX�DJDLQ�JR�
KDOI�WKH�GLVWDQFH��7KLV�IUDFWLRQ�LV�QRZ�����VLQFH�ZH�DUH�JRLQJ�
KDOI�RI�ZKDW�LV�OHIW��ZKLFK�LV�KDOI�RI������
���)URP�WKLV�VHFRQG�QHZ�SRLQW��ZH�DJDLQ�JR�KDOI��WKLV�WLPH�
�����
���1RZ�\RX�PLJKW�VHH�WKH�SDWWHUQ�������������������������DQG�
VR�RQ���

:KDW�LV�LQWHUHVWLQJ�LV�WKDW�ZKLOH�WKH�IUDFWLRQV�JHW�VPDOOHU�DQG�
VPDOOHU��\RX�QHYHU�VWRS�ILQGLQJ�D�GLVWDQFH�WKDW�\RX�QHHG�WR�
KDOI��VR�LQ�WKDW�VHQVH�ZKLOH�\RX�WUDYHUVH�VPDOOHU�DQG�VPDOOHU�
GLVWDQFHV��PDWKHPDWLFDOO\�\RX�ZLOO�QHYHU�DUULYH�DW�\RXU�
GHVWLQDWLRQ��7KH�TXHVWLRQ��SDUDGR[��LV�KRZ�\RX�FDQ�HYHU�
SRVVLEO\�ILQLVK�WUDYHUVLQJ�DQ�LQILQLWH�QXPEHU�RI�VWHSV��
QR�PDWWHU�KRZ�VPDOO�WKH�VWHSV�PD\�EH�

$�VWDQGRXW�DPRQJ�VWDQGRXWV�
(XFOLG�DQG�WKH�(OHPHQWV

(XFOLG�ZDV�RQH�RI�WKH�PRVW�
LQIOXHQWLDO�PDWKHPDWLFLDQV�
LQ�WKH�KLVWRU\�RI�RXU�SODQHW��
DQG�KH�OLYHG�IURP�DURXQG�
����%�&��WR�����%�&�

+H�ZURWH�RQH�RI�WKH�PRVW�
LQIOXHQWLDO�PDWK�WRPHV�
RI�DOO�WLPH��FDOOHG�WKH�
(OHPHQWV��
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7KH�(OHPHQWV�
• ���ERRNV��SXEOLVKHG�FLUFD�����%�&��

• ,W�LV�D�FROOHFWLRQ�RI�GHILQLWLRQV��SRVWXODWHV��D[LRPV���SURSRVLWLRQV��WKHRUHPV�DQG�
FRQVWUXFWLRQV���DQG�PDWKHPDWLFDO�SURRIV�RI�WKH�SURSRVLWLRQV�

• ,W�KDV�LQIOXHQFHG�WKH�GHYHORSPHQW�RI�ORJLF�DQG�PRGHUQ�VFLHQFH��

• 6RPH�DUJXH�LW�LV�WKH�VHFRQG�PRVW�LQIOXHQWLDO�ERRN�HYHU��RQO\�EHVWHG
E\�WKH�%LEOH��

• 7KH�(OHPHQWV�LV�YHU\�OLNHO\�WR�EH�WKH�FRQWULEXWLRQV�RI�PDQ\�
PDWKHPDWLFLDQV�DQG�VFKRODUV�RI�WKH�WLPH��

• +LJKOLJKWV�RI�WKH�FRQWHQWV�LQFOXGH�WKH�3\WKDJRUHDQ�7KHRUHP��
SURSHUWLHV�RI�WULDQJOHV�DQG�FLUFOHV��ILQGLQJ�VTXDUH�URRWV��
SULPH�QXPEHUV��UDWLRV�DQG�SURSRUWLRQV��JHRPHWULF�VHULHV���

1RZ�WLPH�WR�GR�VRPH�PDWK�

/HW
V�VSHQG�VRPH�WLPH�DQG�PDNH�VXUH�RXU�
IXQGDPHQWDO�VNLOOV�DUH�VROLG��,W�LV�RQO\�IURP�
EHLQJ�VXFFHVVIXO�ZLWK�WKH�EDVLFV�WKDW�ZH�FDQ�
KRSH�WR�XQGHUVWDQG�PRUH�FRPSOLFDWHG�LGHDV�

$V�\RX�ZRUN�RQ�WKHVH�SUREOHPV��LPDJLQH�
\RXUVHOI�OLYLQJ�LQ�D�WLPH�ZKHUH�WKHUH�DUH�QR�
FRPSXWHUV��SKRQHV��WYV��FDUV�RU�SODQHV��7KH�
ZRUOG�LV�D�VLPSOHU�SODFH��DQG�WKH�PDWK�\RX�
GR�FDQ�KDYH�SURIRXQG�LPSOLFDWLRQV�IRU�IXWXUH�
JHQHUDWLRQV��
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�

2QH�RI�(XFOLG
V�PDQ\�PDWKHPDWLFDO�DFKLHYHPHQWV�ZDV�KLV�SURRI�
WKDW�WKH�QXPEHU�RI�SULPHV�LV�LQILQLWH��7KLV�IDFW�VWLOO�KROGV�XS�WRGD\��
LQ�IDFW�LW�HYHQ�PDGH�WKH�QHZV�WKLV�ZHHN��VRUW�RI�����)LUVW��WKH�SURRI�

3URRI

/HW�XV�VXSSRVH�WKDW�S�����S�����S���������S�Q���DUH�SULPH�QXPEHUV��
0XOWLSO\�WKHP�WRJHWKHU�DQG�DGG����FDOOLQJ�WKLV�QXPEHU�D�QHZ�
LQWHJHU�T���,I�T�LV�D�SULPH�QXPEHU��WKHQ�ZH�KDYH�D�QHZ�SULPH��,I�T�LV�
QRW�D�SULPH��LW�PXVW�EH�GLYLVLEOH�E\�D�SULPH�QXPEHU�U���%XW�U�FDQQRW�
EH�S���RU�DQ\�RWKHU�IURP�RXU�RULJLQDO�OLVW�RI�SULPH�QXPEHUV��EHFDXVH�
LI�\RX�GLYLGH�T�E\�DQ\�RI�S�����S�����S���������S�Q�\RX�ZLOO�JHW�D�
UHPDLQGHU����ZKLFK�PHDQV�WKDW�T�LV�QRW�GLYLVLEOH�E\�DQ\�RI�WKHVH�
SULPH�QXPEHUV��6R�U�LV�D�QHZ�SULPH��:KLFKHYHU�ZD\�\RX�FKRRVH�WR�
ORRN�DW�LW��HLWKHU�\RX�KDYH�IRXQG�D�QHZ�SULPH�T��RU�LI�T�LV�QRW�D�
SULPH��WKDQ�\RX�KDYH�IRXQG�WKDW�LW�KDV�D�QHZ�SULPH�IRU�D�SULPH�
IDFWRU��
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0DWK�LQ�WKH�1HZV

6HH�WKH�KDQGRXW�RQ�WKH�ODWHVW�DQG�ODUJHVW�
SULPH�QXPEHU�GLVFRYHUHG��5HPLQG�\RXUVHOI�RI�
ZKDW�D�SULPH�QXPEHU�LV��WKHQ�DVN�KRZ�ELJ�LV�LW"�
7U\�RYHU����PLOOLRQ�GLJLWV�ORQJ��

)RU�VRPH�SHUVSHFWLYH��WKH�DEVROXWHO\�KXJH�
QXPEHU�RQH�ELOOLRQ�LV�RI�FRXUVH�ZULWWHQ�DV�
���������������ZKLFK�LV�D�SDOWU\����GLJLWV�ORQJ�

+RPHZRUN�$VVLJQPHQW�

'XH�7XHVGD\��)HEUXDU\���WK��������

���)LQG�DQ\�PDWKHPDWLFLDQ�RU�PDWKHPDWLFDO�GHYHORSPHQW��WKH�
OLPLWLQJ�FULWHULD�LV�LW�PXVW�EH�IURP�(XFOLG
V�WLPH�RU�EHIRUH�RQO\�

���5HVHDUFK�WKH�VSHFLILF�FRQWULEXWLRQV�DQG�ZULWH�DW�OHDVW�D�RQH�
SDJH�SDSHU��W\SHG�RQO\��WKDW�GHWDLOV�ZK\�WKLV�
PDWKHPDWLFLDQ�PDWKHPDWLFDO�GLVFRYHU\�ZDV�LQIOXHQWLDO�

���0DNH�VXUH�\RX�LQFOXGH�DW�OHDVW�RQH�H[DPSOH�RI�WKH�DFWXDO�
PDWKHPDWLFV�LQ�\RXU�SDSHU�DQG�PDNH�VXUH�LW�LV�DQ�H[DPSOH�
\RX�\RXUVHOI�XQGHUVWDQG�

���<RX�ZLOO�EH�JUDGHG�RQ��RULJLQDO�YRLFH��EHZDUH�FRS\�DQG�
SDVWHUV����JUDPPDU�DQG�VSHOOLQJ��DGKHULQJ�WR�WKH�DERYH�UXOHV��
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3RVVLEOH�7RSLFV�0DWKHPDWLFLDQV�WR�FRQVLGHU�

(XFOLG
=HQR
7KDOHV�RI�0LOHWXV
3\WKDJRUDV�RI�6DPRV
$ULVWRWOH
$UFKLPHGHV

(DUO\�(J\SWLDQ�0DWKHPDWLFV
0DWKHPDWLFDO�$UWLIDFWV��5KLQG�3DS\UXV��,VKDQJR�
%RQH��HWF�
$QWLTXH�1XPEHU�6\VWHPV��0D\DQ��%DE\ORQLDQ��
HWF�



Amateur effort finds new largest prime number 
A Missouri professor, one of a team of nearly 100,000 volunteers, has found a highly unusual 
17-million digit number -- and brought a prime-hunting project closer to a $150,000 prize. 

 
by Stephen Shankland  
February 6, 2013 3:09 AM PST  

 

A tiny portion of the 48th Mersenne prime, a number more than 17 million digits long. Written 
as text, the entire number is a 22.5MB file. 

The Great Internet Mersenne Prime Search (GIMPS) project has scored its 14th consecutive 
victory, discovering the largest prime number so far.  

The number, 2 to the power of 57,885,161 minus 1, is a digit that's 17,425,170 digits long. That's 
big enough that if you want to see the full text, you'll have to brace yourself for a 22.5MB 
download.  

GIMPS, a cooperative project splitting the search across thousands of independent computers, 
announced the find yesterday after it had been confirmed by other checks. At present, there are 
98,980 people and 574 teams involved in the GIMPS project; their 730,562 processors perform 
about 129 trillion calculations per second.  

The project has a lock on the market for mongo new prime numbers. The discoverer of this 
particular prime is Curtis Cooper, a professor at the University of Central Missouri who runs the 
prime-hunting software on a network of computers and who's found record primes in 2005 and 
2006. It's not just his effort that's important, though; it relied also on others' machines ruling out 
other candidates.  



A prime number is divisible only by itself and the number 1. Once a mathematical curiosity, 
primes now are crucial to encrypted communications. Mersenne primes are named after Marin 
Mersenne, a French monk born in 1588 who investigated a particular type of prime number: 2 to 
the power of "p" minus one, in which "p" is an ordinary prime number.  

Cooper's find is the 48th Mersenne prime so far discovered. GIMPS has found the 14 largest 
Mersenne primes, the organization said.  

Discovering Mersenne primes is not a get-rich-quick scheme, though Cooper won a $3,000 prize. 
It could be more lucrative at some point: An Electronic Frontier Foundation award of $150,000 
will go to the discoverer of the first prime number with at least 100 million digits. It's already 
awarded prizes for primes 1-million and 10-million digits, and it's got a $250,000 prize queued 
up for a billion-digit prime.  

GIMPS is steadily advancing on the bigger numbers.  

In 1998, the project found 2^3021377-1, a number 909,526 digits long. By 2001, GIMPS found 
the 39th Mersenne prime, a number 4,053,946 digits long. The 43rd Mersenne prime, which 
Cooper's effort found, is a 9,152,052-digit numeral.  

Searching for prime numbers is a project that can easily be split across countless computers 
through an idea called distributed computing. Not all computing chores are so amenable to 
cooperation, though.  

Some of those labors, such fluid dynamics research that can be used to model nuclear weapons 
explosions or car aerodynamics, can be run on closely independent computing nodes connected 
by a high-speed network.  

Other computing chores can't be broken down into parallel tasks at all, a problem given that 
power-consumption limits stalled processor clock speed increases in recent years.  

A computer-science idea called Amdahl's Law, named after mainframe computer designer Gene 
Amdahl, shows the limits of parallel computation. If some portion of a computer program can't 
be sped up by parallel processing, at a certain point throwing more processors at the problem will 
stop producing any speedup in the computation.  
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  Period____Date________________Solving Proportions

Solve each proportion.

1)  

 

10

8
 = 

   

n

10
2)  

 

7

5
 = 

   

x

3

3)  

 

9

6
 = 

   

x

10
4)  

 

7

  

n
 = 

 

8

7

5)  

 

4

3
 = 

 

8

  

x
6)  

 

7

   

b + 5
 = 

 

10

5

7)  

 

6

   

b − 1
 = 

 

9

7
8)  

 

4

   

m − 8
 = 

 

8

2

9)  

 

5

6
 = 

  

7

  

n + 9

9
10)  

 

4

9
 = 

    

r − 3

6

-1-
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11)  

 

7

9
 = 

   

b

   

b − 10
12)  

 

9

   

k − 7
 = 

 

6

  

k

13)  

 

4

   

n + 2
 = 

 

7

  

n
14)  

   

n

   

n − 3
 = 

 

2

3

15)  

    

x − 3

  

x
 = 

 

9

10
16)  

 

5

   

r − 9
 = 

 

8

   

r + 5

17)  

    

p + 10

   

p − 7
 = 

 

8

9
18)  

 

2

8
 = 

    

n + 4

   

n − 4

19)  

    

n − 5

   

n + 8
 = 

 

2

7
20)  

    

n − 6

   

n − 7
 = 

 

9

2
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  Period____Date________________Solving Proportions

Solve each proportion.

1)  

 

10

8
 = 

   

n

10

{12.5}

2)  

 

7

5
 = 

   

x

3

{4.2}

3)  

 

9

6
 = 

   

x

10

{15}

4)  

 

7

  

n
 = 

 

8

7

{6.12}

5)  

 

4

3
 = 

 

8

  

x

{6}

6)  

 

7

   

b + 5
 = 

 

10

5

{−1.5}

7)  

 

6

   

b − 1
 = 

 

9

7

{5.66}

8)  

 

4

   

m − 8
 = 

 

8

2

{9}

9)  

 

5

6
 = 

  

7

  

n + 9

9

{−0.21}

10)  

 

4

9
 = 

    

r − 3

6

{5.66}

-1-
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11)  

 

7

9
 = 

   

b

   

b − 10

{−35}

12)  

 

9

   

k − 7
 = 

 

6

  

k

{−14}

13)  

 

4

   

n + 2
 = 

 

7

  

n

{−4.66}

14)  

   

n

   

n − 3
 = 

 

2

3

{−6}

15)  

    

x − 3

  

x
 = 

 

9

10

{30}

16)  

 

5

   

r − 9
 = 

 

8

   

r + 5

{32.33}

17)  

    

p + 10

   

p − 7
 = 

 

8

9

{−146}

18)  

 

2

8
 = 

    

n + 4

   

n − 4

{−6.66}

19)  

    

n − 5

   

n + 8
 = 

 

2

7

{10.19}

20)  

    

n − 6

   

n − 7
 = 

 

9

2

{7.28}
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  Period____Date________________Multi-Step Equations

Solve each equation.

1)  −20 = 

 

−4

  

x − 6

  

x 2)  6 = 

 

1 − 2

  

n + 5

3)  

 

8

  

x − 2 = 

 

−9 + 

 

7

  

x 4)  

   

a + 5 = 

  

−5

  

a + 5

5)  

 

4

  

m − 4 = 4

  

m 6)  

   

p − 1 = 

 

5

  

p + 3

  

p − 8

7)  

  

5

  

p − 14 = 

 

8

  

p + 4 8)  

   

p − 4 = 

 

−9 + 

  

p

9)  −8 = 

 

−(

   

x + 4) 10)  12 = 

 

−4(

 

−6

  

x − 3)

11)  14 = 

 

−(

   

p − 8) 12)  

 

−(

 

7 − 4

  

x) = 9

13)  

 

−18 − 

 

6

  

k = 

 

6(

 

1 + 3

  

k) 14)  

  

5

  

n + 34 = 

 

−2(

 

1 − 7

  

n)

15)  

  

2(

 

4

  

x − 3) − 8 = 

 

4 + 

 

2

  

x 16)  

  

3

  

n − 5 = 

 

−8(

 

6 + 5

  

n)

17)  

  

−(

 

1 + 7

  

x) − 

 

6(

 

−7 − 

  

x) = 36 18)  

  

−3(

 

4

  

x + 3) + 

 

4(

 

6

  

x + 1) = 43

19)  

 

24

  

a − 22 = 

 

−4(

 

1 − 6

  

a) 20)  

  

−5(

 

1 − 5

  

x) + 

 

5(

 

−8

  

x − 2) = 

 

−4

  

x − 8

  

x
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  Period____Date________________Multi-Step Equations

Solve each equation.

1)  −20 = 

 

−4

  

x − 6

  

x

{2}

2)  6 = 

 

1 − 2

  

n + 5

{0}

3)  

 

8

  

x − 2 = 

 

−9 + 

 

7

  

x

{−7}

4)  

   

a + 5 = 

  

−5

  

a + 5

{0}

5)  

 

4

  

m − 4 = 4

  

m

No solution.

6)  

   

p − 1 = 

 

5

  

p + 3

  

p − 8

{1}

7)  

  

5

  

p − 14 = 

 

8

  

p + 4

{−6}

8)  

   

p − 4 = 

 

−9 + 

  

p

No solution.

9)  −8 = 

 

−(

   

x + 4)

{4}

10)  12 = 

 

−4(

 

−6

  

x − 3)

{0}

11)  14 = 

 

−(

   

p − 8)

{−6}

12)  

 

−(

 

7 − 4

  

x) = 9

{4}

13)  

 

−18 − 

 

6

  

k = 

 

6(

 

1 + 3

  

k)

{−1}

14)  

  

5

  

n + 34 = 

 

−2(

 

1 − 7

  

n)

{4}

15)  

  

2(

 

4

  

x − 3) − 8 = 

 

4 + 

 

2

  

x

{3}

16)  

  

3

  

n − 5 = 

 

−8(

 

6 + 5

  

n)

{−1}

17)  

  

−(

 

1 + 7

  

x) − 

 

6(

 

−7 − 

  

x) = 36

{5}

18)  

  

−3(

 

4

  

x + 3) + 

 

4(

 

6

  

x + 1) = 43

{4}

19)  

 

24

  

a − 22 = 

 

−4(

 

1 − 6

  

a)

No solution.

20)  

  

−5(

 

1 − 5

  

x) + 

 

5(

 

−8

  

x − 2) = 

 

−4

  

x − 8

  

x

{−5}
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http://en.wikipedia.org/wiki/same_color_illusion
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The Dangerous Ratio 
Article by Brian Clegg 
 

 

It's a stormy day on the sea off the coast of Greece. The date is around 520 BC. 
Fighting for his life, a man is heaved over the side of a boat and dropped into the 
open water to die. His name is Hippasus of Metapontum. His crime? Telling the 
world a mathematical secret. The secret of the dangerous ratio. 

The murder of Hippasus is a matter of legend, but the secret was real, and certainly 
dangerous enough to the beliefs of those who knew about it. 

It was a secret owned by the school of Pythagoras. These early Greek 
mathematicians (Pythagoras himself was born around 569 BC ) were obsessed with 
the significance of whole numbers and their ratios. The Pythagorean's motto, 
carved above the entrance of the school, was "All is number". 

The inner circle of the school, the mathematikoi, believed that the universe was 
built around the whole numbers. Each number from one to ten was given a very 
special significance. Odd numbers were thought to be male and even numbers 
female. Yet there was one number that the Pythagoreans found terrifying, the 
number that might have cost Hippasus his life for revealing its existence to the 
world. 

The name Pythagoras these days is best remembered for a geometrical theorem, the 
one that tells us how to calculate the lengths of the sides of a right angled triangle, 
and it is from this theorem that the dangerous ratio emerges. 

 

 



Imagine a simple square shape, each side 1 unit in length. How long is the square's 
diagonal? 

 
This seemingly harmless question was the trigger for the Pythagoreans' disturbing 
discovery. The length of the square's diagonal is easy to work out. It forms the long 
side of a triangle with a right angle opposite, and two other sides of length 1 unit. 
Thanks to Pythagoras' theorem we (and the Greeks) know that we can work out the 
square of the length of the longest side of a right-angled triangle by adding 
together the squares of the other two sides. So we know the diagonal's length 
squared is (1×1)+(1×1)=2, making the length of the diagonal itself √2. The number 
which when multiplied by itself makes 2. But what is that number? 
 
The square root of 2 isn't 1 because 1x1 is 1. 
 
And it isn't 2, because 2x2 is 4. 
 
It's something in between. 
 
This wasn't a problem for the Pythagoreans. It was obviously a ratio of two whole 
numbers. They only had to figure out what that ratio was. At least that was the 
theory. 
 
But after more and more frantic attempts, a horrible discovery was made. There is 
NO ratio that will produce √2 - it simply can't be done. It's what we now call an 
irrational number, not because it is illogical, but because it can't be represented as a 
ratio of whole numbers. 
 
This was what sent the Pythagoreans into such a spin that they may have sacrificed 
poor Hippasus. If you believe that everything is constructed from whole numbers, 
it is a terrible a shock to discover that there is an everyday number, a 'real world' 
number like the diagonal of a square, that doesn't fit your picture of the world. It's a 
nightmare - and one from which the Pythagoreans would never really recover. 
!



Sieve%of%Eratosthenes%Worksheet%

Name:&_____________________________________________&

The$Sieve$of$Eratosthenes$is$an$ancient$method$for$finding$all$primes$numbers$up$to$a$specified$
number.$It$was$created$by$Eratosthenes$(275@194$B.C.,$Greece),$an$ancient$Greek$
mathematician.$Just$as$a$sieve$is$a$strainer$for$draining$spaghetti,$Eratosthenes's$sieve$drains$
out$composite$numbers$and$leaves$prime$numbers$behind.$The$numbers$from$1$to$100$are$listed$
in$the$table$below.$We$will$use$The$Sieve$of$Eratosthenes$to$find$all$primes$up$to$the$number$100$
by$following$the$directions$below.$

Directions:&

1. Cross&out&1&since&it&is&not&prime.&
2. Circle&2&because&it&is&the&smallest&prime&number.&Cross&out&every&multiple&of&2.&
3. Circle&the&next&open&number,&3.&Now&cross&out&every&multiple&of&3.&
4. Circle&the&next&open&number,&5.&Now&cross&out&every&multiple&of&5.&
5. Circle&the&next&open&number,&7.&Now&cross&out&every&multiple&of&7.&
6. Continue&this&process&until&all&numbers&in&the&table&have&been&circled&or&crossed&out.&

You&have&just&circled&all&the&prime&numbers&from&1&to&100!&

&

Questions:&

1.&How&many&prime&numbers&are&there&from&1&to&100?&

2.&List&all&prime&numbers&from&1&to&100.&

&

3.&Which&number&is&the&only&even&prime&number?&

4.&An&emirp&(prime&spelled&backwards)&is&a&prime&that&gives&you&a&different&prime&when&its&digits&are&

reversed.&For&example,&13&and&31&are&emirps.&List&all&emirps&between&1&and&100.&
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  Period____Date________________Simplifying Square Roots

Simplify.

1)  96 2)  216

3)  98 4)  18

5)  72 6)  144

7)  45 8)  175

9)  343 10)  12

11)  

 

10 96 12)  

 

9 245

-1-
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13)  

 

7 600 14)  

 

5 45

15)  

 

5 180 16)  

 

3 405

17)  

 

2 36 18)  

 

9 125

19)  

 

8 27 20)  

 

12 1764

21)  

 

3 900 22)  

 

7 2535

23)  

 

11 1215 24)  

 

2 200
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  Period____Date________________Simplifying Square Roots

Simplify.

1)  96

 

4 6

2)  216

 

6 6

3)  98

 

7 2

4)  18

 

3 2

5)  72

 

6 2

6)  144

12

7)  45

 

3 5

8)  175

 

5 7

9)  343

 

7 7

10)  12

 

2 3

11)  

 

10 96

 

40 6

12)  

 

9 245

 

63 5
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13)  

 

7 600

 

70 6

14)  

 

5 45

 

15 5

15)  

 

5 180

 

30 5

16)  

 

3 405

 

27 5

17)  

 

2 36

12

18)  

 

9 125

 

45 5

19)  

 

8 27

 

24 3

20)  

 

12 1764

504

21)  

 

3 900

90

22)  

 

7 2535

 

91 15

23)  

 

11 1215

 

99 15

24)  

 

2 200

 

20 2
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G���,I�(&�LV�VXEWUDFWHG�IURP�%&��WKHQ�ZKDW�UHPDLQV�LV�BBB�

H���*(�DGGHG�WR�BBB�LV�HTXDO�WR�'(�
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���&RPSOHWH�WKH�IROORZLQJ�E\�QDPLQJ�DQ�DQJOH�

D��$QJOH�&$%�LV�HTXDO�WR�DQJOHV�&$'��BBB�WRJHWKHU�

E���$QJOH�$&'�LV�HTXDO�WR�DQJOHV�(&'��BBB�WRJHWKHU�

F���$QJOH�(%'�WRJHWKHU�ZLWK�DQJOH�(%$�LV�HTXDO�WR�DQJOH�BBB�

G���,I�DQJOH�$&%�LV�VXEWUDFWHG�IURP�DQJOH�$&'��WKHQ�ZKDW�UHPDLQV�LV
�DQJOH�BBB�

H���,I�DQJOH�$'%�LV�VXEWUDFWHG�IURP�DQJOH�&'%��WKHQ�ZKDW�UHPDLQV�LV
�DQJOH�BBB�

$UFKLPHGHV�RI�6\UDFXVH��

�$UFKLPHGHV�ZLOO�EH�UHPHPEHUHG�
ZKHQ�$HVFK\OXV��D�SOD\ZULJKW��LV�
IRUJRWWHQ��EHFDXVH�ODQJXDJHV�GLH��
DQG�PDWKHPDWLFDO�LGHDV�GR�QRW��
,PPRUWDOLW\�PD\�EH�D�VLOO\�ZRUG��EXW�
SUREDEO\�D�PDWKHPDWLFLDQ�KDV�WKH�
EHVW�FKDQFHV�RI�ZKDWHYHU�LW�PD\�PHDQ����
*��+��+DUG\

$V�JUHDW�DV�(XFOLG�ZDV��WKH�*UHHN�PDWKHPDWLFLDQ�$UFKLPHGHV�
SHUKDSV�HYHQ�KDV�D�JUHDWHU�UHSXWDWLRQ��+H�OLYHG�IURP�����%&�������
%&��$UFKLPHGHV�ZDV�D�WUXH�SRO\PDWK��5HQDLVVDQFH�0DQ���+H�ZDV�D�
SK\VLFLVW��KH�ZDV�DQ�LQYHQWRU��DQ�HQJLQHHU��DQ�DVWURQRPHU��+H�LV�
FRQVLGHUHG�E\�PDQ\�DV�WKH�OHDGLQJ�VFLHQWLVW�RI�$QWLTXLW\��

+H�JDYH�WKH�ZRUOG�WKH�ILUVW�ULJRURXV�DFFXUDF\�RI�3L��D�YDOXH�EHWZHHQ�
�������DQG�������&DOFXODWH�ZKDW�WKHVH�WZR�YDOXHV�DUH�DV�GHFLPDO�
DSSUR[LPDWLRQV�



PDW���IHE��FODVV�QRWHERRN )HEUXDU\���������

,Q�PDWKHPDWLFV��DW�WKH�KLJKHVW�OHYHO��WKHUH�LV�QR�1REHO�3UL]H��
DV�WKHUH�LV�IRU�3K\VLFV�DQG�RWKHU�VFLHQFHV��,QVWHDG��LQ�PDWK��ZH�
KDYH�WKH�)LHOGV�0HGDO��$V�SURRI�RI�$UFKLPHGHV�LQIOXHQFH��KLV�
IDFH�DGRUQV�WKH�)LHOGV�0HGDO��
7KH�LQVFULSWLRQ�DURXQG�WKH�
KHDG�RI�$UFKLPHGHV�LV�D�
TXRWH�DWWULEXWHG�WR�KLP�
ZKLFK�UHDGV�LQ�/DWLQ��
�7UDQVLUH�VXXP�SHFWXV�
PXQGRTXH�SRWLUL��

5LVH�DERYH�RQHVHOI�
DQG�JUDVS�WKH�ZRUOG�

+HURQ
V�IRUPXOD�LV�GLVWLQJXLVKHG�IURP�RWKHU�IRUPXODV�IRU�WKH�DUHD�RI�D�WULDQJOH��VXFK�DV�KDOI�
WKH�EDVH�WLPHV�WKH�KHLJKW��E\�UHTXLULQJ�QR�DUELWUDU\�FKRLFH�RI�VLGH�DV�EDVH�RU�YHUWH[�DV�RULJLQ�

7KH�IRUPXOD�LV�FUHGLWHG�WR�+HURQ��RU�+HUR��RI�$OH[DQGULD��DQG�D�SURRI�FDQ�EH�IRXQG�LQ�KLV�
ERRN��0HWULFD��ZULWWHQ�F��$�'������,W�KDV�EHHQ�VXJJHVWHG�WKDW�$UFKLPHGHV�NQHZ�WKH�
IRUPXOD�RYHU�WZR�FHQWXULHV�HDUOLHU�

+HURQ
V�)RUPXOD
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6LQFH�WKLV�FRXOG�EH�FDOOHG�$UFKLPHGHV
�
)RUPXOD��OHW
V�GR�VRPH�SUREOHPV�ZLWK�WKLV�
NH\�JHRPHWULF�IRUPXOD�

:KDW�LV�WKH�DUHD�RI�D�WULDQJOH�ZKRVH�VLGHV�DUH��������DQG����
PHWHUV�ORQJ"

�� $16�����VT�PHWHUV

:KDW�LV�WKH�DUHD�RI�DQ�HTXLODWHUDO�WULDQJOH�ZLWK�DOO�VLGHV���
LQFKHV�LQ�OHQJWK"

����DUHD� �¥V�V�±�D��V�±�E��V�±�F�

����DUHD� �¥����±������±������±���

����DUHD� �¥����������� ��¥���§��������VTXDUH�LQFKHV
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+$5'(5��:KDW�HTXLODWHUDO�WULDQJOH�ZRXOG�KDYH�WKH�VDPH�
DUHD�DV�D�WULDQJOH�ZLWK�VLGHV������DQG���"�

+,17��(TXLODWHUDO�7ULDQJOHV�KDYH�WKH�IRUPXOD�

$16��2QH�ZKHUH�HDFK�VLGH�KDV�D�OHQJWK�RI�����

3UREDELOLW\��([SHFW�WKH�8QH[SHFWHG

+:��/HW
V�GLVFXVV�D�ELW�DQG�WU\�WR�DQVZHU�WKLV�
IRU�7XHVGD\�
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7KH�VFLHQWLVW�GRHV�QRW�VWXG\�QDWXUH�EHFDXVH�LW�LV�
XVHIXO��KH�VWXGLHV�LW�EHFDXVH�KH�GHOLJKWV�LQ�LW��DQG�
KH�GHOLJKWV�LQ�LW�EHFDXVH�LW�LV�EHDXWLIXO��,I�QDWXUH�
ZHUH�QRW�EHDXWLIXO��LW�ZRXOG�QRW�EH�ZRUWK�
NQRZLQJ��DQG�LI�QDWXUH�ZHUH�QRW�ZRUWK�NQRZLQJ��
OLIH�ZRXOG�QRW�EH�ZRUWK�OLYLQJ�

��������������������������������+HQUL�3RLQFDUp�

:$50�83�

���8VH�+HURQ
V�)RUPXOD��DND�$UFKLPHGHV
�)RUPXOD��WR�ILQG�WKH�
DUHD�RI�DQ�HTXLODWHUDO�WULDQJOH�ZLWK�VLGH�RI�OHQJWK����

����,I�\RX�NQRZ�WKDW�WKH�YDOXH�RI��V��LV����IRU�DQ�HTXLODWHUDO�
WULDQJOH��ZKDW�DUH�WKH�OHQJWKV�RI�WKH�VLGHV�RI�WKH�WULDQJOH"

���:KDW�DUH�(XFOLG
V���SRVWXODWHV"��XVH�\RXU�QRWHV�DV�QHHGHG�

���2Q�ZKDW�0HGDO�LV�$UFKLPHGHV�IDFH�DGRUQHG"�:KDW�LV�WKH�
PHGDO�IRU"

���,I�WKHUH�LV�D�����SUREDELOLW\�RI�VQRZ�DQG�D����SUREDELOLW\�RI�
KDYLQJ�D�ZLQQLQJ�ORWWHU\�WLFNHW��ZKDW�LV�WKH�FKDQFH�WKDW�LW�ZLOO�
QRW�VQRZ�DQG�\RX�ZLOO�ZLQ�WKH�ORWWHU\"
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0RUH�2SWLFDO�,OOXVLRQ�)XQ�

:KDW�\RX�WKLQN�LV�'DQJHURXV

'LUHFW�JRYHUQPHQWDO�FRQWURO��LH�3DWULRW�$FW�

,QGLUHFW�JRYHUQPHQWDO�FRQWURO��LH�IDUPLQJ�DQG�
IRRG�VXSSO\�FKDLQV�FRQWUROOHG�E\�ODUJH�
FRUSRUDWLRQV�FRQWUROOHG�E\�WKH�JRYHUQPHQW�

%ODFN�+DW�+DFNHUV

$Q\�SRWHQWLDO�VHFUHWV�WKDW�ZRXOG�GLVUXSW�RXU�
ZD\�RI�OLYHV�RU�VHQG�FXOWXUDO�VKRFNZDYHV�LH�(7��
$VWHURLGV�HWF
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+:��3UREDELOLW\��([SHFW�WKH�8QH[SHFWHG

3UREDELOLW\�+:�6ROXWLRQ�

7KH�NH\�WR�VROYLQJ�PDQ\�SUREDELOLW\�SUREOHPV�LV�WR�OLVW�RXW�
WKH�SRVVLEOH�VFHQDULRV�
6R�IRU�RXU�FDUQLYDO�SUREOHP��LW�KHOSV�WR�SXW�RXUVHOYHV�LQWR�
WKH�VKRHV�RI�WKH�WZR�PHQ�WR�PDNH�VHQVH�RI�WKH�
SRVVLELOLWLHV��
7KH�ILUVW�PDQ�ORRNV�DW�ERWK�VKDNHUV�DQG�VD\V�WKHUH�LV�DW�
OHDVW�RQH�KHDG��7KLV�PHDQV�WKDW�WKH�SRVVLELOLWLHV�DUH��+7��
7+�RU�++�
7KH�VHFRQG�PDQ�ORRNV�DW�RQH�VKDNHU�DQG�VD\V�WKHUH�LV�DW�
OHDVW�RQH�KHDG��7KLV�PHDQV�WKH�SRVVLELOLWLHV�DUH�+7�RU�++��
:K\�QRW�7+"�:HOO��KH�LV�ORRNLQJ�GLUHFWO\�DW�RQH�RI�WKH�
VKDNHUV�DQG�VHHV�D�KHDG��VR�HLWKHU�7+�RU�+7�KDV�WR�EH�
H[FOXGHG�
7KHUHIRUH�WKHUH�LV�D���LQ���FKDQFH�\RX�JHW�WKH�ZLQQLQJ�++�
ZLWK�WKH�ILUVW�PDQ�DQG�D���LQ���FKDQFH�WKDW�\RX�JHW�WKH�
ZLQQLQJ�++�ZLWK�WKH�VHFRQG�PDQ��
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7KH�-LX]KDQJ�VXDQVKX�RU�WKH�
1LQH�&KDSWHUV�RQ�0DWKHPDWLFDO�$UW�
LV�WKH�PRVW�IDPRXV�DQFLHQW�&KLQHVH�PDWKHPDWLFDO�WH[W��,W�
ZDV�ZULWWHQ�GXULQJ�WKH�SHULRG�RI�WKH�+DQ�'\QDVW\��DURXQG�
����WR�����$'��,W�LV�QRW�GLVVLPLODU�WR�(XFOLG
V�(OHPHQWV��
DOWKRXJK�LW�ZDV�ZULWWHQ�DERXW�����\HDUV�ODWHU��,W�LV�ZLGHO\�
EHOLHYHG�WKDW�(DVWHUQ�DQG�:HVWHUQ�PDWKHPDWLFV�GHYHORSHG�
LQGHSHQGHQWO\�VR�LW�LV�LQWHUHVWLQJ�XVHIXO�EHFDXVH�LW�VXPV�XS�
WKH�PDWKHPDWLFDO�NQRZOHGJH�RI�&KLQD�DW�WKH�WLPH��:H�GR�QRW�
NQRZ�WKH�DXWKRU�DQG�LW�FRQWDLQV�����SUREOHPV��FDWHJRUL]HG�DV�

���� �(CPIVKCP���.CPF�5WTXG[KPI��#TGC�HQTOWNCU��YQTMKPI�

YKVJ�HTCEVKQPU��CRRTQZKOCVKQP�QH�2K�
���� �5WOK���/KNNGV�CPF�TKEG��'ZEJCPIG�QH�EQOOQFKVKGU�CV�

FKHHGTGPV�TCVGU��RTKEKPI��RGTEGPVCIGU���RTQRQTVKQPU�
���� �%WKHGP���#TKVJOGVKE���)GQOGVTKE�2TQITGUUKQPU��

&KUVTKDWVKQP�QH�EQOOQFKVKGU�CPF�OQPG[�CV�RTQRQTVKQPCN�TCVGU�
���� �5JCQIWCPI���5SWCTG�CPF�EWDG�TQQVU��FKOGPUKQPU��CTGC�

CPF�XQNWOG�QH�EKTENG�CPF�URJGTG�
���� �5JCPIIQPI����8QNWOGU�QH�UQNKFU�QH�XCTKQWU�UJCRGU�

���� �,WPUJW���'SWKVCDNG�VCZCVKQP��/QTG�CFXCPEGF�RTQDNGOU�QP�RTQRQTVKQP�

����� �;KPIDW\W���'ZEGUU�CPF�FGHKEKV��.KPGCT�RTQDNGOU�UQNXGF�WUKPI�VJG�RTKPEKRNG�

MPQYP�NCVGT�KP�VJG�9GUV�CU�VJG�TWNG�QH�HCNUG�RQUKVKQP�QT�VTKCN�CPF�GTTQT�

���� �(CPIEJGPI���6JG�TGEVCPIWNCT�CTTC[��5[UVGOU�QH�NKPGCT�GSWCVKQPU��UQNXGF�D[�C�

RTKPEKRNG�UKOKNCT�VQ�)CWUUKCP�GNKOKPCVKQP�

���� �)QWIW���$CUG�CPF�CNVKVWFG��2TQDNGOU�KPXQNXKPI�VJG�RTKPEKRNG�MPQYP�KP�VJG�

9GUV�CU�VJG�2[VJCIQTGCP�VJGQTGO�

/HW
V�QRZ�GHOYH�LQWR�D�IHZ�RI�WKH�VSHFLILF�SUREOHPV�IRXQG�LQ�
7KH�1LQH�&KDSWHUV�RQ�0DWKHPDWLFDO�$UW��WUDQVODWHG�IRU�\RX�SOHDVXUH�

����$�JRRG�UXQQHU�FDQ�JR�����SDFHV�ZKLOH�D�SRRU�UXQQHU�FRYHUV����SDFHV��7KH�SRRU�UXQQHU�KDV�
FRYHUHG�D�GLVWDQFH�RI�����SDFHV�EHIRUH�WKH�JRRG�UXQQHU�VHWV�RII�LQ�SXUVXLW��+RZ�PDQ\�SDFHV�
GRHV�LW�WDNH�WKH�JRRG�UXQQHU�EHIRUH�KH�FDWFKHV�XS�WKH�SRRU�UXQQHU�

���������$�FLVWHUQ�LV�ILOOHG�WKURXJK�ILYH�FDQDOV��2SHQ�WKH�ILUVW�FDQDO�DQG�WKH�FLVWHUQ�ILOOV�LQ�����
GD\��ZLWK�WKH�VHFRQG��LW�ILOOV�LQ���GD\��ZLWK�WKH�WKLUG��LQ�����GD\V��ZLWK�WKH�IRXUWK��LQ���GD\V��
DQG�ZLWK�WKH�ILIWK�LQ���GD\V��,I�DOO�WKH�FDQDOV�DUH�RSHQHG��KRZ�ORQJ�ZLOO�LW�WDNH�WR�ILOO�WKH�
FLVWHUQ"

$16���6HYHUDO�ZD\V�WR�VHW�XS��WKH�LGHD�LV�WR�VHW�XS�DQ�HTXDWLRQ�ZKHUH�WKH�JRRG�UXQQHU�
GLVWDQFH�HTXDOV�WKH�SRRU�UXQQHU
V�GLVWDQFH��6R����[ ��[��������QRWLFH�ZH�DGG�����WR�WKH�
SRRU�UXQQHU�VLQFH�WKH\�KDYH�D�����SDFHV�KHDG�VWDUW��:H�VROYH�IRU�[�WR�JHW������+RZHYHU��ZH�
ZDQW�WR�NQRZ�WKH�WRWDO�GLVWDQFH�VR����
���� ����SDFHV�

$16��
&RQYHUW�HDFK�FDQDO�LQWR�D�XQLW�UDWH��VD\�SHU�GD\��7KHQ�VXP�DOO�WKH�FDQDOV�XQLW�UDWHV�WR�JHW�
RYHUDOO�SHU�GD\�ZRUNLQJ�WRJHWKHU��7KHQ����SUHYLRXV�UHVXOW��WR�JHW�SRUWLRQ�RI�D�GD\�LI�DOO�
ZRUN�WRJHWKHU��6R��������������������������� �������������������� �����
ZRUNLQJ�WRJHWKHU��WKH\�ZRXOG�ILOO�WKH�FLVWHUQ���WLPHV�RYHU�LQ�D�GD\��WKHUHIRUH��������HTXDOV�
WKH�WLPH�IRU���GD\�RU�DERXW�����RI�D�GD\
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  Period____Date________________Distance - Rate - Time Word Problems

1)  An aircraft carrier made a trip to Guam and
back.  The trip there took three hours and
the trip back took four hours.  It averaged 6
km/h on the return trip.  Find the average
speed of the trip there.

8 km/h

2)  A passenger plane made a trip to Las Vegas
and back.  On the trip there it flew 432 mph
and on the return trip it went 480 mph.  How
long did the trip there take if the return trip
took nine hours?

10 hours

3)  A cattle train left Miami and traveled toward
New York.  14 hours later a diesel train left
traveling at 45 km/h in an effort to catch up
to the cattle train.  After traveling for four
hours the diesel train finally caught up. 
What was the cattle train's average speed?

10 km/h

4)  Jose left the White House and drove toward
the recycling plant at an average speed of 40
km/h.  Rob left some time later driving in
the same direction at an average speed of 48
km/h.  After driving for five hours Rob
caught up with Jose.  How long did Jose
drive before Rob caught up?

6 hours

5)  A cargo plane flew to the maintenance
facility and back.  It took one hour less time
to get there than it did to get back.  The
average speed on the trip there was 220
mph.  The average speed on the way back
was 200 mph.  How many hours did the trip
there take?

10 hours

6)  Kali left school and traveled toward her
friend's house at an average speed of 40
km/h.  Matt left one hour later and traveled
in the opposite direction with an average
speed of 50 km/h.  Find the number of hours
Matt needs to travel before they are 400 km
apart.

4 hours

-1-
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7)  Ryan left the science museum and drove
south.  Gabriella left three hours later
driving 42 km/h faster in an effort to catch
up to him.  After two hours Gabriella finally
caught up.  Find Ryan's average speed.

28 km/h

8)  A submarine left Hawaii two hours before
an aircraft carrier.  The vessels traveled in
opposite directions.  The aircraft carrier
traveled at 25 mph for nine hours.  After this
time the vessels were 280 mi. apart.  Find
the submarine's speed.

5 mph

9)  Chelsea left the White House and traveled
toward the capital at an average speed of 34
km/h.  Jasmine left at the same time and
traveled in the opposite direction with an
average speed of 65 km/h.  Find the number
of hours Jasmine needs to travel before they
are 59.4 km apart.

0.6 hours

10)  Jose left the airport and traveled toward the
mountains.  Kayla left 2.1 hours later
traveling 35 mph faster in an effort to catch
up to him.  After 1.2 hours Kayla finally
caught up.  Find Jose's average speed.

20 mph

-2-
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:$50�83�

���+RZ�PDQ\�WRWDO�TXHVWLRQV�DUH�LQ�WKH�1LQH�&KDSWHUV�RQ�WKH�
0DWKHPDWLFDO�$UW"

���8VLQJ�+HURQ
V�)RUPXOD��ILQG�WKH�DUHD�RI�D�WULDQJOH�ZLWK�
GLPHQVLRQV�RI��������ILUVW�S\WKDJRUHDQ�WULSOH���7KHQ�XVH�WKH�
JHQHUDO�IRUPXOD�IRU�WKH�DUHD�RI�D�WULDQJOH��$ ��%+��WR�FRQILUP�
\RXU�UHVXOW�

���:KDW�LV�WKH�IRUPXOD�WKDW�UHODWHV�GLVWDQFH��WLPH�DQG�UDWH"

���:KDW�LV�WKH�SUREDELOLW\�RI�JHWWLQJ�WKH�VDPH�QXPEHUV�25�D�
VXP�RI���RQ�D�VLQJOH�UROO�RI�D�SDLU�RI�GLFH"

���,I�D��OE�EDJ�RI�-HOO\�%HOO\�MHOO\�EHDQV�FRVWV���������DQG�DQ�
RXQFH�LV����MHOO\�EHDQV�ZRUWK��KRZ�PDQ\�MHOO\�EHDQV�DUH�LQ�WKH�
�OE�EDJ�DQG�ZKDW�LV�WKH�XQLW�FRVW�SHU�EHDQ"����R] OE�
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3UREOHP�VXEPLWWHG�E\�5REHUW�
5XIXV�7��)O\SDSHU�GULYHV�WZR�PLOHV�WR�ZRUN�HYHU\�PRUQLQJ�
9HU\�SUHFLVH��KH�NQRZV�KH�PXVW�DYHUDJH���PSK�WR�DUULYH�RQ�WLPH�
2QH�PRUQLQJ��D�GULYHU�LPSHGHV�KLP�IRU�WKH�ILUVW�PLOH��FXWWLQJ�KLV�
DYHUDJH�WR�RQO\���PSK��+H�TXLFNO\�FDOFXODWHG�KLV�SURSHU�VSHHG�IRU�
WKH�UHVW�RI�KLV�WULS��WR�DUULYH�RQ�WLPH��+LV�FDU�FRXOG�GR����PSK�
&RXOG�KH�DUULYH�RQ�WLPH"

$16�
' 57
� ��7�VR�7� ������RU���PLQXWHV���7KLV�LV�0U��)O\SDSHUV�QRUPDO�
WUDYHOLQJ�WLPH�
,I�WKH�ILUVW�PLOH�LV�DW���PSK��WKHQ�KH�KDV�WUDYHOHG�� ��7�VR�7� �����
RU���PLQXWHV��7KHUHIRUH��KH�ZRXOG�QHHG�D�WHOHSRUWDWLRQ�GHYLFH�WR�
HQVXUH�DUULYLQJ�RQ�WLPH��VLQFH�DW�WKH�KDOIZD\�SRLQW����PLOH�WUDYHOHG��
RQH�PLOH�WR�JR��KH�KDV�DOUHDG\�VSHQW���PLQXWHV��ZKLFK�LV�WKH�WLPH�KH�
KDV�DOORWWHG�WR�HQVXUH�KH�DUULYHV�RQ�WLPH��

0RUH�2SWLFDO�,OOXVLRQ�)XQ�

:KDW�LV�WKH�QDPH
RI�WKH�DUWLVW�WKDW�
FUHDWHG�WKLV�
ZRUN"



PDW���IHE��FODVV�QRWHERRN )HEUXDU\���������

/HW
V�VSHQG�D�OLWWOH�WLPH�DQG�JR�RYHU�DOO�WKH�
DQVZHUV�WR�WKH�ZRUNVKHHW�IURP�7XHVGD\��
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/HW
V�QRZ�GHOYH�LQWR�DQRWKHU�SUREOHP�IRXQG�LQ�
7KH�1LQH�&KDSWHUV�RQ�0DWKHPDWLFDO�$UW��WUDQVODWHG�IRU�\RXU�

SOHDVXUH�

����7KHUH�LV�D�VTXDUH�WRZQ�RI�XQNQRZQ�GLPHQVLRQV��7KHUH�LV�D�JDWH�LQ�WKH�PLGGOH�RI�
HDFK�VLGH��7ZHQW\�SDFHV�RXWVLGH�WKH�1RUWK�*DWH�LV�D�WUHH��,I�RQH�OHDYHV�WKH�WRZQ�E\�WKH�
6RXWK�*DWH��ZDONV����SDFHV�GXH�VRXWK��WKHQ�ZDONV�GXH�ZHVW�IRU������SDFHV��WKH�WUHH�
ZLOO�MXVW�FRPH�LQWR�YLHZ��:KDW�DUH�WKH�GLPHQVLRQV�RI�WKH�WRZQ"

+,17���'5$:�'5$:�'5$:��
+,17���8VH�WKH�QRWLRQ�RI�VLPLODU�WULDQJOHV��7KDW�LV��WKH�UDWLR�RI�WZR�VLGHV�RI�RQH�WULDQJOH�LV�
HTXDO�WR�WKH�UDWLR�RI�WKH�WZR�VLGHV�RI�D�VLPLODU�WULDQJOH
+,17��� +,17���8VH�4XDGUDWLF�)RUPXOD

$16�
1RZ�WULDQJOHV�$1'�DQG�$%&�DUH�VLPLODU�VR���$1�1'� �$%�%&��JLYLQJ��
����[���� �������[������������
7KHQ�[����[���������� ������î�������RU��[������[� �������
7KH�VLGH�RI�WKH�WRZQ�LV�����SDFHV�
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+:�$VVLJQPHQW�

3LFN�DQ\�QXPEHU�\RX�OLNH�DQG�GR�VRPHWKLQJ�
ZLWK�LW��<RX�FRXOG�ZULWH�D�UHSRUW�RQ�LWV�
SURSHUWLHV��RU�PDNH�D�SRZHUSRLQW�RU�GUDZ�
VRPHWKLQJ��EH�FUHDWLYH��
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���6ROYH�[�����[����� ���XVLQJ�WKH�TXDGUDWLF�IRUPXOD�

���,I�WKH�VROXWLRQV�WR�TXHVWLRQ�RQH�DUH�LQ�WHUPV�RI�GLVWDQFH��
ZKLFK�VROXWLRQ�FDQ�\RX�GLVFDUG�DQG�ZK\"

���6ROYH��[������[����� ���XVLQJ�WKH�TXDGUDWLF�IRUPXOD�

���6XSHUKHURHV�)ODVK�DQG�)ODVK�-U��OHDYH�WKH�VDPH�ORFDWLRQ�
DQG�UXQ�LQ�RSSRVLWH�GLUHFWLRQV��)ODVK�-U��UXQV���PLOH�SHU�
VHFRQG��PSV��DQG�)ODVK�UXQV���PSV��+RZ�IDU�DSDUW�DUH�WKH\�
LQ�PLOHV�DIWHU���KRXU"�

���,I�WKH�FLUFXPIHUHQFH�RI�WKH�HDUWK�LV��������PLOHV��ZKDW�
SHUFHQWDJH�DURXQG�WKH�HDUWK�GR�WKH\�FRYHU�LQ�RQH�KRXU"

���+RZ�PDQ\�FHQWXULHV�DUH�LQ���������GD\V"��%H�DFFXUDWH�WR�
ZLWKLQ�RQH�\HDU��
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0RUH�2SWLFDO�,OOXVLRQ�)XQ�
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5HPHPEHU��UHPHPEHU��UHPHPEHU��'LVWDQFH� �5DWH�[�7LPH

6XVDQ��ZLWK�KHU�SRRFK�LQ�WRZ��FDQ�URZ�D�ERDW����NLORPHWHUV�SHU�KRXU�
LQ�VWLOO�ZDWHU��,Q�D�ULYHU�ZKHUH�WKH�FXUUHQW�LV���NLORPHWHUV�SHU�KRXU��LW�
WDNHV�KHU���KRXUV�ORQJHU�WR�URZ�D�JLYHQ�GLVWDQFH�XSVWUHDP�WKDQ�WR�WUDYHO�
WKH�VDPH�GLVWDQFH�GRZQVWUHDP��)LQG�KRZ�ORQJ�LW�WDNHV�KHU�WR�URZ�
XSVWUHDP��KRZ�ORQJ�WR�URZ�GRZQVWUHDP��DQG�KRZ�PDQ\�NLORPHWHUV�VKH�
URZV�
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,Q�WKH���� VHFWLRQ�RI�7KH�1LQH�&KDSWHUV�RQ�0DWKHPDWLFDO�$UW��WKHUH�LV�D�SURFHVV�UHYHDOHG�
ZKLFK�LV�NQRZQ�LQ�WKH�:HVWHUQ�ZRUOG�DV�WKH�(XFOLGHDQ�$OJRULWKP��,W�DOORZV�XV�WR�ILQG�WKH�
JUHDWHVW�QXPEHU�WKDW�LV�D�GLYLVRU�RI�WZR�JLYHQ�LQWHJHUV�

)RUPDO�GHVFULSWLRQ�RI�WKH�(XFOLGHDQ�DOJRULWKP

,QSXW�7ZR�SRVLWLYH�LQWHJHUV��D�DQG�E�

2XWSXW�7KH�JUHDWHVW�FRPPRQ�GLYLVRU��J��RI�D�DQG�E�

,QWHUQDO�FRPSXWDWLRQ
,I�D�E��H[FKDQJH�D�DQG�E�
'LYLGH�D�E\�E�DQG�JHW�WKH�UHPDLQGHU��U��,I�U ���\RX�DUH�GRQH��E�LV�WKH�*&'�RI�D�DQG�E�
2WKHUZLVH��UHSODFH�D�E\�E�DQG�UHSODFH�E�E\�U��5HWXUQ�WR�WKH�SUHYLRXV�VWHS�

�1RZ�WU\����DQG�����XVLQJ�WKH�DOJRULWKP�

$16��'LYLGH�����E\�����DQG�JHW�WKH�UHVXOW���ZLWK�UHPDLQGHU�����VR���� �ā������
'LYLGH����E\�����DQG�JHW�WKH�UHVXOW���ZLWK�UHPDLQGHU�����VR��� �ā������
'LYLGH����E\�����DQG�JHW�WKH�UHVXOW���ZLWK�UHPDLQGHU����VR��� �ā�����
7KH�JUHDWHVW�FRPPRQ�GLYLVRU�RI�����DQG����LV����

:KDW�LV�WKH�GLIIHUHQFH�EHWZHHQ�DVWURORJ\�DQG�
DVWURQRP\"�$UH�WKH\�WKH�VDPH�WKLQJ"�
7KH�SULPDU\�JRDO�RI�DVWURQRP\�LV�WR�XQGHUVWDQG�WKH�SK\VLFV�RI�WKH�XQLYHUVH��
$VWURORJHUV�XVH�DVWURQRPLFDO�FDOFXODWLRQV�IRU�WKH�SRVLWLRQV�RI�FHOHVWLDO�ERGLHV�
DORQJ�WKH�HFOLSWLF�DQG�DWWHPSW�WR�FRUUHODWH�FHOHVWLDO�HYHQWV��DVWURORJLFDO�DVSHFWV��
VLJQ�SRVLWLRQV��ZLWK�HDUWKO\�HYHQWV�DQG�KXPDQ�DIIDLUV��$VWURQRPHUV�FRQVLVWHQWO\�
XVH�WKH�VFLHQWLILF�PHWKRG��QDWXUDOLVWLF�SUHVXSSRVLWLRQV�DQG�DEVWUDFW�
PDWKHPDWLFDO�UHDVRQLQJ�WR�LQYHVWLJDWH�RU�H[SODLQ�SKHQRPHQD�LQ�WKH�XQLYHUVH��
$VWURORJHUV�XVH�P\VWLFDO�RU�UHOLJLRXV�UHDVRQLQJ�DV�ZHOO�DV�WUDGLWLRQDO�
IRONORUH��V\PEROLVP�DQG�VXSHUVWLWLRQ�EOHQGHG�ZLWK�PDWKHPDWLFDO�SUHGLFWLRQV�WR�
H[SODLQ�SKHQRPHQD�LQ�WKH�XQLYHUVH��7KH�VFLHQWLILF�PHWKRG�LV�QRW�FRQVLVWHQWO\�
XVHG�E\�DVWURORJHUV�

$VWURORJHUV�EHOLHYH�WKDW�WKH�SRVLWLRQ�RI�WKH�VWDUV�DQG�SODQHWV�GHWHUPLQH�
DQ�LQGLYLGXDO
V�SHUVRQDOLW\�DQG�IXWXUH��$VWURQRPHUV�VWXG\�WKH�DFWXDO�VWDUV�
DQG�SODQHWV��EXW�KDYH�IRXQG�QR�HYLGHQFH�VXSSRUWLQJ�DVWURORJLFDO�WKHRULHV��
3V\FKRORJLVWV�VWXG\�SHUVRQDOLW\��DQG�ZKLOH�WKHUH�DUH�PDQ\�WKHRULHV�RI�
SHUVRQDOLW\��QR�PDLQVWUHDP�WKHRULHV�LQ�WKDW�ILHOG�DUH�EDVHG�RQ�DVWURORJ\�
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,Q�D�VLPLODU�ZD\�WKDW�(XFOLG
V�(OHPHQWV�KHOSHG�WR�FUHDWH�WKH�
IRXQGDWLRQ�RI�*HRPHWU\��WKH����ERRN�$OPDJHVW�KDG�D�VLPLODU�
LPSDFW�RQ�$VWURQRP\��:ULWWHQ�E\�3WROHP\�RI�$OH[DQGULD��WKLV�
WRPH�FRYHUV�DOPRVW�HYHU\WKLQJ�WKDW�ZDV�NQRZQ�DERXW�
DVWURQRP\�DW�WKH�WLPH�

2QH�RI�WKH�JUHDW�DVWURQRPHUV�DQG�PDWKHPDWLFLDQV�DURXQG�WKLV�HUD�
ZDV�DOVR�RQH�RI�WKH�ILUVW�GRFXPHQWHG�ZRPHQ�PDWKHPDWLFLDQV��+HU�
QDPH�ZDV�+\SDWLD��6KH�ZDV�D�WHDFKHU�LQ�SKLORVRSK\��PDWKHPDWLFV�
DQG�DVWURQRP\��6KH�LV�OLNHO\�WR�KDYH�PDGH�XSGDWHV�WR�(XFOLG
V�
(OHPHQWV�DQG�3WROHP\
V�$OPDJHVW��8QIRUWXQDWHO\�VKH�ZDV�OLNHO\�
PXUGHUHG�E\�D�&KULVWLDQ�PRE��,W�DOVR�KDV�EHHQ�DUJXHG�E\�KLVWRULDQV�
WKDW�KHU�GHDWK�PDUNHG�D�VKDUS�GRZQWXUQ�LQ�WKH�LQWHOOHFWXDO�FXOWXUH�RI�
WKH�WLPH�

7KHUH�ZDV�D�ZRPDQ�DW�$OH[DQGULD�QDPHG�+\SDWLD��GDXJKWHU�RI�WKH�
SKLORVRSKHU�7KHRQ��ZKR�PDGH�VXFK�DWWDLQPHQWV�LQ�OLWHUDWXUH�DQG�
VFLHQFH��DV�WR�IDU�VXUSDVV�DOO�WKH�SKLORVRSKHUV�RI�KHU�RZQ�WLPH��+DYLQJ�
VXFFHHGHG�WR�WKH�VFKRRO�RI�3ODWR�DQG�3ORWLQXV��VKH�H[SODLQHG�WKH�
SULQFLSOHV�RI�SKLORVRSK\�WR�KHU�DXGLWRUV��PDQ\�RI�ZKRP�FDPH�IURP�D�
GLVWDQFH�WR�UHFHLYH�KHU�LQVWUXFWLRQV��2Q�DFFRXQW�RI�WKH�VHOI�SRVVHVVLRQ�
DQG�HDVH�RI�PDQQHU�ZKLFK�VKH�KDG�DFTXLUHG�LQ�FRQVHTXHQFH�RI�WKH�
FXOWLYDWLRQ�RI�KHU�PLQG��VKH�QRW�LQIUHTXHQWO\�DSSHDUHG�LQ�SXEOLF�LQ�WKH�
SUHVHQFH�RI�WKH�PDJLVWUDWHV��1HLWKHU�GLG�VKH�IHHO�DEDVKHG�LQ�JRLQJ�WR�DQ�
DVVHPEO\�RI�PHQ��)RU�DOO�PHQ�RQ�DFFRXQW�RI�KHU�H[WUDRUGLQDU\�GLJQLW\�
DQG�YLUWXH�DGPLUHG�KHU�WKH�PRUH�´
²6RFUDWHV�6FKRODVWLFXV��(FFOHVLDVWLFDO�+LVWRU\
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���:KDW�LV�WKH�$OPDJHVW"�:K\�LV�LW�LPSRUWDQW"

���:KDW�LV�PRUH�UHOLDEOH��DVWURQRP\�RU�DVWURORJ\"�:K\"�

���,I�\RXU�SHW�WXUWOH�7RPP\�LV�H[DFWO\�����\HDUV�ROG��KRZ�
PDQ\�KRXUV�ROG�LV�7RPP\"�+RZ�PDQ\�KRXUV�ROG�DUH�\RX"�,I�
\RX�OLYH�WR�EH������KRZ�PDQ\�KRXUV�OHIW�GR�\RX�KDYH"�

���,I�OLJKW�WUDYHOV�DW�������������PLOHV�SHU�VHFRQG��DQG�WKH�
GLVWDQFH�WKDW�SODQHW�HDUWK��DND�KRPH��LV�WR�WKH�VXQ��DND�DQ�
DYHUDJH�VWDU��LV������������PLOHV�DZD\��KRZ�ORQJ�GRHV�LW�WDNH�
IRU�VXQOLJKW�WR�UHDFK�HDUWK"�*LYH�\RXU�DQVZHU�LQ�WHUPV�RI�
PLQXWHV�

���7KHUH�DUH����PDUEOHV�LQ�D�EDJ����UHG����EOXH�DQG���JUHHQ��
:KDW�DUH�WKH�FKDQFHV�\RX�GR�QRW�JHW�D�UHG�$1'�JHW�D�KHDGV�
RQ�D�VLQJOH�FRLQ�IOLS�$1'�D�SULPH�QXPEHU�RQ�D�VLQJOH�GLH�UROO"
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9LVXDO�)XQ�IRU�WKH�'D\�

:KDW�IRUPXOD�GR�\RX�QHHG�KHUH"

6XSSRVH�WZR�VLVWHUV�OLYH�����PLOHV�DSDUW��2QH�VLVWHU�KDV�
WKUHH�\RXQJ�FKLOGUHQ�ZKR�DUH�SODQQLQJ�WR�YLVLW�WKHLU�DXQW�IRU�
D�ZHHN��7R�SUHYHQW�GULYLQJ�VR�IDU��WKH�VLVWHUV�DJUHH�WR�OHDYH�
DW�WKH�VDPH�WLPH��GULYH�WRZDUG�HDFK�RWKHU��DQG�PHHW�
VRPHZKHUH�DORQJ�WKH�URXWH��7KH�VLVWHU�ZLWK�WKH�WKUHH�
FKLOGUHQ�WHQGV�WR�GULYH�FDUHIXOO\�DQG�REH\�WKH�VSHHG�OLPLW��
+HU�DYHUDJH�UDWH�RI�VSHHG�LV����PSK��7KH�RWKHU�VLVWHU�GULYHV�
WRR�IDVW��DQG�KHU�DYHUDJH�UDWH�RI�VSHHG�LV����PSK��+RZ�ORQJ�
ZLOO�LW�WDNH�WKH�WZR�VLVWHUV�WR�PHHW�HDFK�RWKHU�WR�WUDQVIHU�WKH�
FKLOGUHQ"�*LYH�\RXU�DQVZHU�LQ�PLQXWHV�
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5HDG�WKH�IROORZLQJ�HVVD\V�RQ�+\SDWLD�DQG�=HUR�DQG�WKHQ�
DQVZHU�WKH�IROORZLQJ�TXHVWLRQV�WR�KDQG�LQ�

���,I�+\SDWLD�ZDV�DOLYH�WRGD\��ZRXOG�KHU�VFLHQWLILF�FKDOOHQJHV�WR�WKH�
&KULVWLDQ�FKXUFK�HQG�LQ�WKH�VDPH�ZD\"�&DQ�UHOLJLRQ�DQG�VFLHQFH�FRH[LVW"�

���7KLQN�RI�DQG�OLVW�DV�PDQ\�H[DPSOHV�
DV�\RX�FDQ�ZKHUH�\RX�PLJKW�VHH�WKH�
QXPEHU�]HUR�LQ�PRGHUQ�VRFLHW\��
�LQ�DQ\�FRQWH[W�

6LQFH�ZH�KDYH�UHDFKHG�WKH�SRLQW�LQ�KLVWRU\�
ZKHUH�VRPH�RI�WKH�QRWLRQV�RI�DVWURQRP\�DUH�
EHLQJ�ILJXUHG�RXW��3WROHP\
V�$OPDJHVW���ZH�
ZLOO�IRFXV�RQ�RQH�RI�WKH�NH\�PDWK�VNLOOV�\RX�
QHHG�IRU�D�ORW�RI�DVWURQRP\�FDOFXODWLRQV��
VRPHWKLQJ�ZH�VWDUWHG�GLVFXVVLQJ�\HVWHUGD\��
QDPHO\�WKH�UXOHV�RI�H[SRQHQWV��

:K\�GR�\RX�WKLQN
WKDW�H[SRQHQWV�DUH
VR�SUHYDOHQW�LQ�
DVWURQRP\"�
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7KH�%DVLF�5XOHV�RI�([SRQHQWV
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  Period____Date________________More Properties of Exponents

Simplify.  Your answer should contain only positive exponents.
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Simplify.  Your answer should contain only positive exponents.

1)  

 

(

    

x
−2

   

x
−3)4

 

1

  

x20

2)  

  

(

   

x
4)−3

 ⋅ 

 

2

   

x
4

 

2

  

x8

3)  

  

(

   

n
3)3

 ⋅ 

 

2

   

n
−1

2

  

n8

4)  

  

(2

  

v)2
 ⋅ 

 

2

   

v
2

8

  

v4

5)  

    

2

   

x
2

   

y
4
 ⋅ 

 

4

   

x
2

   

y
4
 ⋅ 3

  

x

 

3

   

x
−3

   

y
2

8

  

x8y6

6)  

   

2

   

y
3
 ⋅ 

 

3

  

x

   

y
3

 

3

   

x
2

   

y
4

 

2

  

y2

  

x

7)  

      

x
3

   

y
3
 ⋅ 

   

x
3

 

4

   

x
2

   

x4y3

4

8)  

  

3

   

x
2

   

y
2

  

2

   

x
−1

 ⋅ 

 

4

  

y

   

x
2

 

3

  

xy

8

9)  

   

x

 

(

 

2

   

x
0)2

   

x

4

10)  

  

2

   

m
−4

 

(

 

2

   

m
−4)3

   

m8

4

-1-



©G h210B1h2Q UKquftSa5 4StojfQtkwQa5rveL PLYLcCc.h L 6AylmlV KreiZgAhstksn 3rxeqspe9rdv9eldA.5 K GMNaHdLed eweiVtzhd XIinPfJiVnOiQtpei YAOlNgbeDbQruaE o1J.F Worksheet by Kuta Software LLC

11)  

  

(

 

2

   

m
2)−1

   

m
2

 

1

2

  

m4

12)  

  

2

   

x
3

 

(

   

x
−1)3

2

  

x6

13)  

 

(

    

a
−3

   

b
−3)0

1

14)  

     

x
4

   

y
3
 ⋅ 

 

(

 

2

   

y
2)0

  

x4y3

15)  

    

b

   

a
4
 ⋅ 

 

(

 

2

  

b

   

a
4)−3

 

1

8

  

b2a8

16)  

  

(

 

2

   

x
0

   

y
2)−3

 ⋅ 

 

2

  

y

   

x
3

   

x3

4

  

y5

17)  

   

2

   

k
3
 ⋅ 

   

k
2

   

k
−3

2

  

k8

18)  

   

(

   

x
−3)4

   

x
4

 

2

   

x
−3

 

1

2

  

x5

19)  

  

(2

  

x)−4

    

x
−1

 ⋅ 

  

x

 

1

16

  

x4

20)  

  

(

 

2

   

x
3

   

z
2)3

     

x
3

   

y
4

   

z
2
 ⋅ 

    

x
−4

   

z
3

 

8

  

x10z

  

y4

21)  

   

(

 

2

  

p

   

m
−1

   

q
0)−4

 ⋅ 

 

2

   

m
−1

   

p
3

 

2

  

p

   

q
2

   

m3

16

  

p2q2

22)  

  

(

  

2

  

h

   

j
2

   

k
−2

 ⋅ 

    

h
4

   

j
−1

   

k
4)0

 

2

   

h
−3

   

j
−4

   

k
−2

   

h3j 4k2

2

-2-

Create your own worksheets like this one with Infinite Algebra 1.  Free trial available at KutaSoftware.com



Lesson&12&Summary:&&March&5th&
Round(2:(Exponents(
Response(to(Video(on(Museum(of(Math(
Algebra(Khawrizmi(
Ganita(
(
(
Lesson&Handouts&
Drake(Equation(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(



PDW���PDU�FODVV�QRWHERRN

�

0DUFK���������

)HE���������$0

&ODVV�8SGDWH��

1H[W�ZHHN�ZH�ZLOO�KDYH�RXU�PLGWHUP��7KLV�
ZLOO�EH�FXPXODWLYH�DQG�ZLOO�EH�ZRUWK�����RI�
\RXU�ILQDO�JUDGH��3OHDVH�FRQVXOW�V\OODEXV�IRU�
PRUH�LQIRUPDWLRQ��:H�ZLOO�KDYH�WKH�PLGWHUP�
RQ�7XHVGD\�VR�\RX�FDQ�NQRZ�\RX�RYHUDOO�
JUDGH�JRLQJ�LQWR�VSULQJ�EUHDN��

:H�ZLOO�VSHQG�SDUW�RI�FODVV�WKLV�7KXUVGD\�
JRLQJ�RYHU�ZKDW�\RX�ZLOO�QHHG�WR�NQRZ��

)HE��������$0

:$50�83�

���6LPSOLI\���

���[� �"

���6LPSOLI\����

���&RQYHUW�\RXU�DQVZHU�IURP����LQWR�D�GHFLPDO�

���,I�\RXU�DQVZHU�WR����UHSUHVHQWV�WKH�SHUFHQWDJH�RI�VWRFN�\RX�
RZQ�RI�FRPSDQ\�[��DQG�FRPSDQ\�[�LV�ZRUWK�����PLOOLRQ�
GROODUV��ZKDW�LV�\RXU�VWDNH�LQ�WKH�FRPSDQ\"

���:KDW�LV�WKH�VTXDUH�URRW�RI����"

)HE����������30

9LVXDO�)XQ�IRU�WKH�'D\�

0DU���������30

/HW
V�ILQLVK�WKH�H[SRQHQW�ZRUNVKHHW�ZH�
ZRUNHG�RQ�ODVW�ZHHN�WKDW�\RX�ZHUH�H[SHFWHG�
WR�FRPSOHWH�IRU�KRPHZRUN�



PDW���PDU�FODVV�QRWHERRN

�

0DUFK���������

0DU��������30 0DU��������30

0DU��������30 0DU���������30

KWWS���ZZZ�FEVQHZV�FRP�YLGHR�ZDWFK�"LG ��������Q

:DWFK�WKLV�UHFHQW�YLGHR�DQG�WKHQ�ZULWH�
XS�D�UHVSRQVH�UHIOHFWLRQ�WR�WXUQ�LQ�

http://www.cbsnews.com/video/watch/?id=50142058n


PDW���PDU�FODVV�QRWHERRN

�

0DUFK���������

0DU��������30

³:DWFK�\RXU�WKRXJKWV��IRU�WKH\�EHFRPH�ZRUGV�
:DWFK�\RXU�ZRUGV��IRU�WKH\�EHFRPH�DFWLRQV�
:DWFK�\RXU�DFWLRQV��IRU�WKH\�EHFRPH�KDELWV�
:DWFK�\RXU�KDELWV��IRU�WKH\�EHFRPH�FKDUDFWHU�
:DWFK�\RXU�FKDUDFWHU��IRU�LW�EHFRPHV�\RXU�GHVWLQ\�´

0DU���������$0

���������$/*(%5$
$�ZRUG�WKDW�XQIRUWXQDWHO\�FRQMXUHV�XS�
GUHDG�DQG�DQ[LHW\�IRU�WRR�PDQ\�SHRSOH�

,W�FRPHV�IURP�WKH�ZRUG�DO�MDEU��ZKLFK�LV�
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DVWURQRP\�DQG�VSDFH�H[SORUDWLRQ�DQG�OLIH�LQ�WKH�XQLYHUVH�
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Drake Equation 
Two$possibilities$exist:$either$we$are$alone$in$the$Universe$or$we$
are$not.$Both$are$equally$terrifying.$;$Arthur$C.$Clarke$

How can we estimate the number of technological civilizations that might exist among the stars? 
While working as a radio astronomer at the National Radio Astronomy Observatory in Green 
Bank, West Virginia, Dr. Frank Drake (currently on the Board of the SETI Institute) conceived 
an approach to bound the terms involved in estimating the number of technological civilizations 
that may exist in our galaxy. The Drake Equation, as it has become known, was first presented 
by Drake in 1961 and identifies specific factors thought to play a role in the development of such 
civilizations. Although there is no unique solution to this equation, it is a generally accepted tool 
used by the scientific community to examine these factors. 
--Frank Drake, 1961 
The equation is usually written: 

N = R* • fp • ne • fl • fi • fc • L 

Where, 

N = The number of civilizations in The Milky Way Galaxy whose electromagnetic emissions are detectable. 

R* =The rate of formation of stars suitable for the development of intelligent life. 

fp = The fraction of those stars with planetary systems. 

ne = The number of planets, per solar system, with an environment suitable for life. 

fl = The fraction of suitable planets on which life actually appears. 

fi = The fraction of life bearing planets on which intelligent life emerges. 

fc = The fraction of civilizations that develop a technology that releases detectable signs of their existence into 
space. 

L = The length of time such civilizations release detectable signals into space. 

Within the limits of our existing technology, any practical search for distant intelligent life must necessarily be a 
search for some manifestation of a distant technology. In each of its last four decadal reviews, the National Research 
Council has emphasized the relevance and importance of searching for evidence of the electromagnetic signature of 
distant civilizations. Besides illuminating the factors involved in such a search, the Drake Equation is a simple, 
effective tool for stimulating intellectual curiosity about the universe around us, for helping us to understand that life 
as we know it is the end product of a natural, cosmic evolution, and for making us realize how much we are a part of 
that universe. A key goal of the SETI Institute is to further high quality research that will yield additional 
information related to any of the factors of this fascinating equation. 



Lesson&13&Summary:&&March&7th&
Algebra(Concepts(Review(
Series(
Fibonacci(
(
(
Lesson&Handouts&
MoMath(Thoughts(
Geometric(Sequence(&(Series(
Solving(Rational(Equations(worksheet((Kuta)(
&
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

³,W�KDV�EHFRPH�DOPRVW�D�FOLFKp�WR�UHPDUN�WKDW�QRERG\�ERDVWV�RI�
LJQRUDQFH�RI�OLWHUDWXUH��EXW�LW�LV�VRFLDOO\�DFFHSWDEOH�WR�ERDVW�
LJQRUDQFH�RI�VFLHQFH�DQG�SURXGO\�FODLP�LQFRPSHWHQFH�LQ�

PDWKHPDWLFV�´

5LFKDUG�'DZNLQV

³0DWKHPDWLFV�H[SUHVVHV�YDOXHV�WKDW�UHIOHFW�WKH�FRVPRV��
LQFOXGLQJ�RUGHUOLQHVV��EDODQFH��KDUPRQ\��ORJLF��DQG�DEVWUDFW�

EHDXW\�´

'HHSDN�&KRSUD

:$50�83�

������[� ���VROYH�IRU�[

���VTUW�[�� ���VROYH�IRU�[

���6LPSOLI\��[����[��������[����[��������[���

���6LPSOLI\���[���[�����[�������[�����[�

���,PDJLQH�\RX�FRXOG�SLFN�RQO\�RQH�PDWK�VXEMHFW�\RX�FRXOG�
VWXG\�LQ�+6��ZKLFK�ZRXOG�\RX�FKRRVH�DQG�ZK\"�*HRPHWU\��
$OJHEUD��3UREDELOLW\��6WDWLVWLFV��7ULJRQRPHWU\��&DOFXOXV��
'LVFUHWH�0DWK��FRPSXWHU�PDWK��

���)LQLVK�WKH�SKUDVH���,W�LV�DV�HDV\�DV������



PDW���PDU�FODVV�QRWHERRN 0DUFK���������



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

9LVXDO�)XQ�IRU�WKH�'D\�

5HDG�RYHU�WKH�KDQGRXW�RQ�\RXU�WKRXJKWV�RQ�WKH�YLGHR�ZH�
ZDWFKHG�7XHVGD\�

$V�\RX�GR��FRQVLGHU�WKHVH�TXHVWLRQV�

���:KDW�GRHV�SDUWLDO�SURJUHVV�PHDQ�LQ�PDWK"�,I�\RX�GRQ
W�JHW�
D�SUREOHP�EXW�VSHQW�KDOI�DQ�KRXU�WU\LQJ��LV�WKDW�WLPH�ZDVWHG"

���:K\�GR�\RX�WKLQN�PDWK��RU�D�PDWK�FODVV��LV�VRPHWKLQJ�WKDW�
VR�RIWHQ�XSVHWV�SHRSOH"�'R�\RX�FRQVLGHU�\RXUVHOI�WR�EH�RQH�RI�
WKRVH�SHRSOH"

���+RZ�GR�\RX�GHILQH�PHQWDO�WRXJKQHVV"

���,I�VRPHWKLQJ�LV�127�REYLRXVO\�HQWHUWDLQLQJ�RU�HDV\�WR�GR��
GRHV�WKDW�PDNH�LW�EDG�RU�QRW�ZRUWK�\RXU�WLPH"�

���'R�\RX�WKLQN�WKHUH�LV�FUHDWLYLW\�LQ�PDWKHPDWLFV"�:K\�RU�
ZK\�QRW"



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

$OJHEUDLF�)XQGDPHQWDOV�5HYLHZ



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

6R�WKH�DQVZHU�WR�WKH�ODVW�:DUP�8S�TXHVWLRQ�LV������

�������������

:K\"

:HOO��FRQVLGHU�WKH�IROORZLQJ�VHTXHQFH�RI�LQWHJHUV�

����������������������������

6SHQG�D�IHZ�PLQXWHV�DQG�WU\�WR�GHWHUPLQH�WKH�SDWWHUQ��7KHQ�WU\�WR�
ILQG�D�ZD\�WR�H[SODLQ�WKH�SDWWHUQ�

7KLV�LV�FDOOHG�DQ�LQWHJHU�VHTXHQFH��LW�LV�DQ�RUGHUHG�OLVW�RI�LQWHJHUV��
,W�LV�RQH�RI�WKH�PRVW�ZHOO�NQRZQ�VHTXHQFHV��LW�LV�FDOOHG�WKH�
)LERQDFFL�6HTXHQFH��

7KH�IRUPXOD�FDQ�EH�IRXQG�E\�)Q� �)�Q������)�Q�����7KLV�VD\V�WKDW�IRU�
DQ\�WHUP�)Q��ZH�ILQG�LW�E\�DGGLQJ�WKH�SUHYLRXV�WZR�WHUPV�

1RZ�HYHU\ERG\�KRS�RQ�WKH�RQH��
WKH�VRXQGV�RI�WKH�WZR
,W
V�WKH�WKLUG�H\H�YLVLRQ��ILYH�VLGH�GLPHQVLRQ
7KH��WK�/LJKW��LV�JRQQD�VKLQH�EULJKW�WRQLJKW
�0RV�'HI�	�7DOLE�.ZHOL�DUH�%ODFN�6WDU�



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

1DWXUH�LV�HPEHGGHG�ZLWK�WKH�)LERQDFFL�VHTXHQFH��VSHFLILFDOO\��WZR�FRQVHFXWLYH�
)LERQDFFL�QXPEHUV��VXFK�DV�EUDQFKLQJ�LQ�WUHHV��DUUDQJHPHQW�RI�OHDYHV�RQ�D�VWHP��WKH�
IUXLWOHWV�RI�D�SLQHDSSOH��WKH�IORZHULQJ�RI�DUWLFKRNH��DQ�XQFXUOLQJ�IHUQ�DQG�WKH�DUUDQJHPHQW�
RI�D�SLQH�FRQH�

$QRWKHU�ZD\�WR�XQGHUVWDQG��7KH�VHULHV�EHJLQV�ZLWK���DQG����$IWHU�WKDW��XVH�WKH�VLPSOH�
UXOH��$GG�WKH�ODVW�WZR�QXPEHUV�WR�JHW�WKH�QH[W�
��������������������������������������������������������������
,I�\RX�WDNH�WKH�UDWLR�RI�WZR�WHUPV�RI�WKH�)LERQDFFL��DV�VKRZQ�EHORZ��WKH\�DSSURDFK�WKH�
YDOXH�RI��������ZKLFK�LV�NQRZQ�E\�WKH�*UHHN�V\PERO�ĭ��NQRZQ�DV�SKL��IHH��DOVR�NQRZQ�
DV�WKH�JROGHQ�UDWLR�

7KH�*ROGHQ�5DWLR�LV�YHU\�SUHYDOHQW�LQ�WKH�IROORZLQJ�DUHDV�
$UFKLWHFWXUH�
0XVLF
3DLQWLQJ�	�$UW
1DWXUH



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

:KDW�LV�WKH�ILUVW�WHUP�LQ�WKH�)LERQDFFL�VHTXHQFH�RYHU�D�
PLOOLRQ"�:KDW�QXPEHUHG�WHUP�LV�LW"

�������������������������������������������������������������
���������������������������������������������������������
�����������������������������������������������
���������������������

0LGWHUP�5HYLHZ

4XHVWLRQV"�1RZ�LV�WKH�WLPH�WR�DVN�



PDW���PDU�FODVV�QRWHERRN 0DUFK���������

5(0,1'(5��
6WXG\�IRU�7XHVGD\
V�0LGWHUP�$1'�FRPSOHWH�
RQH�RI�WKH�IROORZLQJ�DVVLJQPHQWV

����5HVHDUFK�WKH�'UDNH�(TXDWLRQ�DQG�ZULWH�D�RQH�SDJH�
UHVSRQVH�IRU�7XHVGD\��'LVFXVV�\RXU�RYHUDOO�WKRXJKWV�RQ�LW��
ZK\�GR�ZH�QHHG�PDWK�WR�H[SORUH�VSDFH��\RXU�WKRXJKWV�RQ�
DVWURQRP\�DQG�VSDFH�H[SORUDWLRQ�DQG�OLIH�LQ�WKH�XQLYHUVH�
RXWVLGH�RI�RXU�SODQHW�

����+RZ�LPSRUWDQW�LV�PDWKHPDWLFV�WR�VRFLHW\"�,I�ZH�GLGQ
W�
KDYH�PDWK��KRZ�GR�\RX�WKLQN�VRFLHW\�ZRXOG�ORRN"�,V�LW�MXVW�D�
EXQFK�RI�SRLQWOHVV�H[HUFLVHV�GHVLJQHG�WR�ERUH�DQG�IUXVWUDWH�
\RX��RU�LV�WKHUH�PRUH�WR�WKH�VWRU\"��JUDGLQJ�RQ�RULJLQDO�
GHSWK�RI�RSLQLRQ�

����:DWFK�WKH�PRYLH�$JRUD��ZKLFK�LV�DERXW�WKH�OLIH�RI�
+\SDWLD��DQG�ZULWH�D�GHWDLOHG�UHYLHZ�RI�WKH�PRYLH�DQG�WKH�
PDWKHPDWLFV�SUHVHQWHG�LQ�LW��



Highlights of your thoughts on:      
Positive: 8 
Negative: 2 
 
"I'm surprised it's the first museum of its kind in the U.S. We have 
museums dedicated to way more frivolous things. It makes sense that 
we rank very low in math, because as the video said, it is acceptable 
to be bad at math.” 

"The most interesting comment is that there is only one traditional 
pathway for math education."  

“Whether we like math or not, it plays a very important part of our 
lives.” 

“I think the MoMath museum will definitely have a positive influence 
on America.” 

“I think the Math museum is extremely cool.” 

“MoMath wants to show people that math is this beautiful wonderful 
thing, and without math we will fall behind in the world of technology 
and advancements.” 

“There needs to be more choices in math programs.” 

“Learners need more patience and should be led to understand the 
power that math holds.”  

"America is lazy but things like Momath are not going to change how 
we think about math." 
 
"The brain of someone who enjoys creativity & art will differ from a 
mathematician." 
 
!
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  Period____Date________________Solving Rational Equations 2

Solve each equation.  Remember to check for extraneous solutions.

1)  

     

k + 4

4
 + 

    

k − 1

4
 = 

    

k + 4

4

  

k
2)  

 

1

2

  

m2
 = 

  

1

  

m
 − 

  

1

2

3)  

     

n2 − 

  

n − 6

  

n2
 − 

   

2

  

n + 12

  

n
 = 

    

n − 6

2

  

n
4)  

   

3

  

x2 + 24

  

x + 48

  

x2
 + 

    

x − 6

2

  

x2
 = 

 

1

  

x2

5)  

    

k2 + 2

  

k − 8

3

  

k3
 = 

  

1

3

  

k2
 + 

 

1

  

k2
6)  

    

k

3
 − 

  

1

3

  

k
 = 

 

1

  

k

7)  

     

x − 4

6

  

x
 + 

    

x2 − 3

  

x − 10

6

  

x
 = 

    

x − 1

6
8)  

 

1

  

x2
 = 

     

x − 1

  

x
 + 

 

1

  

x

-1-



©0 e260r1b25 BKHu0t5ak lSEoffstWwRaRrQeV JLPL9Ct.7 z OANlnlT wrci6glhRtYsU nrMe4steurNv3ewdN.o a 8MZaUdmeN swGiettha EIHnkfGiQnqiRtJe3 cAWlcgAeUbXrdaD 91q.W Worksheet by Kuta Software LLC

9)  

 

1

   

r + 3
 = 

     

r + 4

   

r − 2
 + 

 

6

   

r − 2
10)  

    

a2 − 4

  

a − 12

   

a2 − 10

  

a + 25
 = 

  

6

   

a − 5
 + 

    

a − 3

   

a − 5

11)  

  

1

   

n + 3
 + 

    

n2 + 6

  

n + 5

   

n + 3
 = 

   

n − 3 12)  

 

1

2
 = 

     

x2 − 7

  

x + 10

4

  

x
 − 

  

1

2

  

x

13)  

 

1

  

k
 = 

 

5 + 

 

1

   

k2 + 

  

k
14)  

  

1

   

p2 − 4

  

p
 + 1 = 

    

p − 6

  

p

15)  

  

5

  

n
 − 

  

6

   

n3 − 2

  

n2
 = 

    

n2 + 5

  

n − 6

   

n3 − 2

  

n2
16)  

    

x + 2

  

x
 = 

     

x − 1

  

x
 − 

   

4

  

x + 2

   

x2 − 3

  

x

-2-
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  Period____Date________________Solving Rational Equations 2

Solve each equation.  Remember to check for extraneous solutions.

1)  

     

k + 4

4
 + 

    

k − 1

4
 = 

    

k + 4

4

  

k

{−2, 1}

2)  

 

1

2

  

m2
 = 

  

1

  

m
 − 

  

1

2

{1}

3)  

     

n2 − 

  

n − 6

  

n2
 − 

   

2

  

n + 12

  

n
 = 

    

n − 6

2

  

n

 

{

 

−
2

3
, −6}

4)  

   

3

  

x2 + 24

  

x + 48

  

x2
 + 

    

x − 6

2

  

x2
 = 

 

1

  

x2

  

{

 

−
8

3
, 

 

−
11

2 }

5)  

    

k2 + 2

  

k − 8

3

  

k3
 = 

  

1

3

  

k2
 + 

 

1

  

k2

{−2, 4}

6)  

    

k

3
 − 

  

1

3

  

k
 = 

 

1

  

k

{−2, 2}

7)  

     

x − 4

6

  

x
 + 

    

x2 − 3

  

x − 10

6

  

x
 = 

    

x − 1

6

{−14}

8)  

 

1

  

x2
 = 

     

x − 1

  

x
 + 

 

1

  

x

{1, −1}

-1-
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9)  

 

1

   

r + 3
 = 

     

r + 4

   

r − 2
 + 

 

6

   

r − 2

{−8, −4}

10)  

    

a2 − 4

  

a − 12

   

a2 − 10

  

a + 25
 = 

  

6

   

a − 5
 + 

    

a − 3

   

a − 5

 

{

 

3

2}

11)  

  

1

   

n + 3
 + 

    

n2 + 6

  

n + 5

   

n + 3
 = 

   

n − 3

 

{

 

−
5

2}

12)  

 

1

2
 = 

     

x2 − 7

  

x + 10

4

  

x
 − 

  

1

2

  

x

{1, 8}

13)  

 

1

  

k
 = 

 

5 + 

 

1

   

k2 + 

  

k

 

{

 

−
4

5}

14)  

  

1

   

p2 − 4

  

p
 + 1 = 

    

p − 6

  

p

 

{

 

23

6 }

15)  

  

5

  

n
 − 

  

6

   

n3 − 2

  

n2
 = 

    

n2 + 5

  

n − 6

   

n3 − 2

  

n2

 

{

 

15

4 }

16)  

    

x + 2

  

x
 = 

     

x − 1

  

x
 − 

   

4

  

x + 2

   

x2 − 3

  

x

{1}

-2-
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PDW���PDU��FODVV�QRWHERRN 0DUFK���������

�*RG�XVHG�EHDXWLIXO�PDWKHPDWLFV�LQ�FUHDWLQJ�
WKH�ZRUOG��
3DXO�'LUDF

�,I�D�PDQ
V�ZLW�EH�ZDQGHULQJ��OHW�KLP�VWXG\�
WKH�PDWKHPDWLFV��
)UDQFLV�%DFRQ

:$50�83�

���+RZ�GLG�\RX�ILQG�WKH�PLGWHUP"

���'R�\RX�KDYH�D�IDYRULWH�QXPEHU"�,I�\HV��ZKDW�LV�LW�DQG�
ZK\"

���+DYH�\RX�KHDUG�DERXW�WKH�0RQW\�+DOO�SUREOHP"�,I�VR��
ZKDW�LV�LW"

���/LVW�DOO�WKH�ZD\V�WKDW�\RX�ZLOO�FRQVFLRXVO\�DQG�
XQFRQVFLRXVO\�XVH�PDWKHPDWLFV�RYHU�WKH�VSULQJ�EUHDN�

���:K\�KDV�WKHUH�QHYHU�EHHQ�D�VFLHQWLVW�LQ�D�KLJK�SROLWLFDO�
RIILFH"�:K\�GR�\RX�WKLQN�WKDW�LV"�'R�\RX�WKLQN�WKDW�D�
PDWKHPDWLFLDQ�VFLHQWLVW�ZRXOG�EH�DQ�HIIHFWLYH�OHDGHU"�:K\�
RU�ZK\�QRW"�



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

7RGD\�LV�0DUFK�����DOVR�NQRZQ�DV���

3L�'D\

:KDW�LV�3L"

7R�KDYH�D�OLWWOH�IXQ��,�ZLOO�VKRZ�\RX�����GLJLWV�RI�
3L�IRU�D�IHZ�PLQXWHV��<RX�ZLOO�WKHQ�WU\�WR�ZULWH�
GRZQ�DV�PDQ\�GLJLWV�DV�\RX�FDQ�UHPHPEHU��
:KRHYHU�LV�WKH�PRVW�DFFXUDWH�ZLOO�ZLQ�D�VPDOO�
SUL]H�



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

��������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
����

9LVXDO�)XQ�IRU�WKH�'D\�
%OLYHW

$�EOLYHW��DOVR�NQRZQ�DV�D�SRLX\W��LV�DQ�XQGHFLSKHUDEOH�ILJXUH��DQ�RSWLFDO�LOOXVLRQ�DQG�DQ�
LPSRVVLEOH�REMHFW��,W�DSSHDUV�WR�KDYH�WKUHH�F\OLQGULFDO�SURQJV�DW�RQH�HQG�ZKLFK�WKHQ�
P\VWHULRXVO\�WUDQVIRUP�LQWR�WZR�UHFWDQJXODU�SURQJV�DW�WKH�RWKHU�HQG�

7KH�-DVWURZ�LOOXVLRQ�LV�DQ�RSWLFDO�LOOXVLRQ�GLVFRYHUHG�E\�WKH�$PHULFDQ�SV\FKRORJLVW�-RVHSK�
-DVWURZ�LQ�������,Q�WKLV�LOOXVWUDWLRQ��WKH�WZR�ILJXUHV�DUH�LGHQWLFDO��DOWKRXJK�WKH�ORZHU�RQH�
DSSHDUV�WR�EH�ODUJHU�

7KH�-DVWURZ�LOOXVLRQ



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

$�IHZ�RI�\RXU�7KRXJKWV��0DUFK��WK�

�0HQWDO�WRXJKQHVV�LV�WKH�DELOLW\�WR�NHHS�
PRYLQJ�IRUZDUG�DQG�WU\LQJ�DJDLQ�DQG�DJDLQ�
UHJDUGOHVV�RI�WKH�FLUFXPVWDQFHV��

,V�WKHUH�FUHDWLYLW\�LQ�PDWKHPDWLFV��KHDYHQV�
\HV��7R�ILQG��HOHJDQW��SURRIV��WR�VHH�WKH�ZD\�
WR�D�VROXWLRQ��WR�UHFRJQL]H�SDWWHUQV��WKHVH�DUH�
WKH�KHLJKW�RI�FUHDWLYLW\��

�3DUWLDO�SURJUHVV�LV�D�YHU\�LPSRUWDQW�DVSHFW�RI�
WKH�SUREOHP�VROYLQJ�SURFHVV���

0,'7(50�5(68/76

7KHUH�ZDV�D�SHUIHFW�PLGWHUP�

7KH�DYHUDJH�ZDV�D�����

/HW
V�WDNH�D�PRPHQW��JR�RYHU�WKH�PLGWHUP�
DQVZHUV�DQG��LQGLYLGXDOO\�ZH�FDQ�UHYLHZ�
\RXU�JUDGHV�WR�GDWH�



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

6R��WKH�DOJHEUD�ZRUNVKHHW�IURP�ODVW�ZHHN��ZKLFK�ZH�GLG�QRW�
FRPSOHWH�WRJHWKHU��DSSDUHQWO\�KDV�VRPH�FKDOOHQJLQJ�
H[DPSOHV��HYHQ�WKH�WXWRULQJ�FHQWHU�FRXOG�QRW�VROYH��/HW
V�WU\�
D�IHZ�WRJHWKHU�

6SHFLILFDOO\��OHWV�ZRUN�RQ�WKH��VROYLQJ�UDWLRQDO�HTXDWLRQV��
SUREOHPV���������������

+HUH�LV�D�WLS�WR�GRLQJ�WKHVH�SUREOHPV��<RX�ZDQW�WR�HOLPLQDWH�
WKH�IUDFWLRQV��VR�ILQG�WKH�FRPPRQ�GHQRPLQDWRU�DQG�UHZULWH�
DOO�WKH�QXPHUDWRUV��&RQVLGHU�WKDW�DW�WKLV�SRLQW��WKH�
GHQRPLQDWRUV�DUH�WKH�VDPH��6R�GR�WKH\�UHDOO\�PDWWHU"�1RW�
UHDOO\��RWKHU�WKDQ�IRU�VD\LQJ�ZKDW�YDOXHV�[�FDQ
W�EH���6R�DW�
WKLV�SRLQW��WKH�WZR�VLGHV�RI�WKH�HTXDWLRQ�ZLOO�EH�HTXDO�DV�
ORQJ�DV�WKH�QXPHUDWRUV�DUH�HTXDO��7KDW�LV��DOO�,�UHDOO\�QHHG�
WR�GR�QRZ�LV�VROYH�WKH�QXPHUDWRUV�



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

,Q�PDWKHPDWLFV��D�JHRPHWULF�SURJUHVVLRQ��DOVR�NQRZQ�DV�D�JHRPHWULF�VHTXHQFH��LV�D�VHTXHQFH�
RI�QXPEHUV�ZKHUH�HDFK�WHUP�DIWHU�WKH�ILUVW�LV�IRXQG�E\�PXOWLSO\LQJ�WKH�SUHYLRXV�RQH�E\�D�
IL[HG��QRQ�]HUR�QXPEHU�FDOOHG�WKH�FRPPRQ�UDWLR��)RU�H[DPSOH��WKH�VHTXHQFH�������������������
LV�D�JHRPHWULF�SURJUHVVLRQ�ZLWK�FRPPRQ�UDWLR����6LPLODUO\�����������������������LV�D�JHRPHWULF�
VHTXHQFH�ZLWK�FRPPRQ�UDWLR�����



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

7KH�ILUVW�WHUP�RI�D�JHRPHWULF�VHTXHQFH�LV�����
DQG�WKH�ILIWK�WHUP�LV�������:KDW�LV�WKH�FRPPRQ�
UDWLR"

+20(:25.�
5HPHPEHU��RULJLQDO�WKRXJKWV�RQO\��2YHU�WKH�
6SULQJ�EUHDN��SOHDVH�GR�RQH�RI�WKH�IROORZLQJ�

���)LQG�D�PRYLH�WKDW�FHQWHUV�DURXQG�
PDWKHPDWLFV��ZDWFK�LW�DQG�ZULWH�D�UHYLHZ���1RW�
$JRUD��

���:ULWH�DERXW�3L��LWV�LPSRUWDQFH��LWV�KLVWRU\��
DQG�LWV�GHYHORSPHQW�WKURXJK�KLVWRU\��

���5HVHDUFK�DQG�ZULWH�DERXW�WKH�FRPSHWLWRU�WR�
3L��NQRZQ�DV�7DX���WDXGD\�FRP�KDV�WKH�
PDQLIHVWR�



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

:KDW�LV�WKH�QLQWK�WHUP�RI�WKH�JHRPHWULF�
VHTXHQFH�������������������"



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

:KDW�LV�WKH�HOHYHQWK�WHUP�RI�WKH�JHRPHWULF�VHTXHQFH���������������
����"

�

7KLV�VHTXHQFH�KDV�D�IDFWRU�RI���EHWZHHQ�HDFK�SDLU�RI�QXPEHUV��VR�WKH�YDOXHV�RI�D�DQG�U�DUH�
��D� ����WKH�ILUVW�WHUP�
��U� ����WKH��FRPPRQ�UDWLR��

7KH�5XOH�IRU�DQ\�WHUP�LV�
[Q� �DUQ��

7KHUHIRUH�[��� ���î����� ���î������� ������

7KH�IRXUWK�WHUP�RI�D�JHRPHWULF�VHTXHQFH�LV����DQG�WKH�VHYHQWK�
WHUP�LV����:KDW�LV�WKH�ILUVW�WHUP"
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PDW���PDU��FODVV�QRWHERRN 0DUFK���������

�0DWKHPDWLFV�LV�QRW�DERXW�QXPEHUV��HTXDWLRQV��
FRPSXWDWLRQV��RU�DOJRULWKPV��
LW�LV�DERXW�XQGHUVWDQGLQJ��

���:LOOLDP�3DXO�7KXUVWRQ

:$50�83��H[WHQGHG��

���6ROYH�IRU�[����[��[���������[���� ����[�����[�����

���,I�D�VRGD�DQG�D�VOLFH�RI�SL]]D�FRVW�������WRJHWKHU�DQG�WKH�VOLFH�
FRVWV�������PRUH�WKDQ�WKH�VRGD�KRZ�PXFK�GRHV�WKH�VRGD�FRVW"

���,Q�D�VWDQGDUG�GHFN�RI�FDUGV��ZKDW�LV�WKH�OHDVW�DPRXQW�RI�FDUGV�\RX�
PXVW�WDNH�WR�EH�
JXDUDQWHHG
�DW�OHDVW�RQH�IRXU�RI�D�NLQG"

���7KHUH�DUH����FKLOGUHQ�LQ�D�FODVV�DQG�WKH\�DOO�KDYH�DW�OHDVW�RQH�FDW�
RU�GRJ����FKLOGUHQ�KDYH�D�FDW�����FKLOGUHQ�KDYH�D�GRJ��:KDW�LV�WKH�
SUREDELOLW\�WKDW�D�FKLOG�FKRVHQ�DW�UDQGRP�IURP�WKH�FODVV�KDV�ERWK�D�
FDW�DQG�D�GRJ"

���,Q�D�JURXS�RI����ER\V�����SOD\�LFH�KRFNH\�DQG����SOD\�EDVHEDOO��
7KH\�DOO�SOD\�DW�OHDVW�RQH�RI�WKH�JDPHV��:KDW�LV�WKH�SUREDELOLW\�WKDW�D�
ER\�FKRVHQ�DW�UDQGRP�IURP�WKH�FODVV�SOD\V�LFH�KRFNH\�EXW�QRW�
EDVHEDOO"



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

:$50�83��H[WHQGHG��

���,Q�D�VWDQGDUG�GHFN�RI�FDUGV��ZKDW�LV�WKH�OHDVW�DPRXQW�RI�FDUGV�\RX�
PXVW�WDNH�WR�EH�
JXDUDQWHHG
�DW�OHDVW�RQH�IRXU�RI�D�NLQG"

���7KHUH�DUH����FKLOGUHQ�LQ�D�FODVV�DQG�WKH\�DOO�KDYH�DW�OHDVW�RQH�FDW�
RU�GRJ����FKLOGUHQ�KDYH�D�FDW�����FKLOGUHQ�KDYH�D�GRJ��:KDW�LV�WKH�
SUREDELOLW\�WKDW�D�FKLOG�FKRVHQ�DW�UDQGRP�IURP�WKH�FODVV�KDV�ERWK�D�
FDW�DQG�D�GRJ"

���,Q�D�JURXS�RI����ER\V�����SOD\�LFH�KRFNH\�DQG����SOD\�EDVHEDOO��
7KH\�DOO�SOD\�DW�OHDVW�RQH�RI�WKH�JDPHV��:KDW�LV�WKH�SUREDELOLW\�WKDW�D�
ER\�FKRVHQ�DW�UDQGRP�IURP�WKH�FODVV�SOD\V�LFH�KRFNH\�EXW�QRW�
EDVHEDOO"

:$50�83��H[WHQGHG��

���6ROYH�IRU�[����[��[���������[���� ����[�����[�����

���,I�D�VRGD�DQG�D�VOLFH�RI�SL]]D�FRVW�������WRJHWKHU�DQG�WKH�VOLFH�
FRVWV�������PRUH�WKDQ�WKH�VRGD�KRZ�PXFK�GRHV�WKH�VRGD�FRVW"



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

9LVXDO�)XQ�IRU�WKH�'D\�
6WDUH�DW�WKH�FURVVKDLU�ORQJ�HQRXJK�DQG�WKH�SLQN�GRWV�VHHP�WR�GLVDSSHDU�

$�IHZ�RI�\RXU�7KRXJKWV��0DUFK��WK�

�0HQWDO�WRXJKQHVV�LV�WKH�DELOLW\�WR�NHHS�
PRYLQJ�IRUZDUG�DQG�WU\LQJ�DJDLQ�DQG�DJDLQ�
UHJDUGOHVV�RI�WKH�FLUFXPVWDQFHV��

,V�WKHUH�FUHDWLYLW\�LQ�PDWKHPDWLFV��KHDYHQV�
\HV��7R�ILQG��HOHJDQW��SURRIV��WR�VHH�WKH�ZD\�
WR�D�VROXWLRQ��WR�UHFRJQL]H�SDWWHUQV��WKHVH�DUH�
WKH�KHLJKW�RI�FUHDWLYLW\��

�3DUWLDO�SURJUHVV�LV�D�YHU\�LPSRUWDQW�DVSHFW�RI�
WKH�SUREOHP�VROYLQJ�SURFHVV���



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

,Q�WKH�SDVW�IHZ�OHVVRQV��ZH�KDYH�FRQVLGHUHG�WKH�)LERQDFFL�
VHTXHQFH�������������������������DQG�JHRPHWULF�VHTXHQFHV��LH�
�������������������

2QH�WKLQJ�PDWKHPDWLFLDQV�OLNH�WR�GR�ZKHQ�VWXG\LQJ�
VHTXHQFHV�LV�WR�FRQVLGHU�WKH�VHULHV�RI�D�VHTXHQFH��$�VHULHV�
LV�MXVW�WKH�VXP�RI�WKH�WHUPV�LQ�WKH�VHTXHQFH��6HULHV�W\SLFDOO\�
DUH�FODVVLILHG�DV�HLWKHU��GLYHUJHQW��RU��FRQYHUJHQW���

,Q�D�JHQHUDO�VHQVH�ZH�FDQ�VD\�WZR�SDWKV�DUH�FRQYHUJHQW�LI�
WKH\�FRPH�WRJHWKHU�DQG�WZR�SDWKV�DUH�GLYHUJHQW�LI�WKH\�JHW�
IXUWKHU�DQG�IXUWKHU�DSDUW��6R�ZKDW�GR�WKH\�PHDQ�ZLWK�VHULHV"

&RQYHUJHQW�VHULHV�DUH�WKRVH�WKDW�DUH�ILQLWH��WKDW�DUULYH�DW�D�
IL[HG�YDOXH�DQG�GLYHUJHQW�VHULHV�DUH�WKRVH�WKDW�JURZ�ZLWKRXW�
ERXQG��DND�KHDG�WRZDUGV�LQILQLW\��

:KHQ�ZRUNLQJ�ZLWK�VHULHV��VLQFH�ZH�DUH�WDONLQJ�
DERXW�VXPV��ZH�KDYH�D�VSHFLDO�V\PERO�WKDW�ZH�
XVH�WR�LQGLFDWH�WR�WKH�UHDGHU�WKDW�ZH�DUH�GRLQJ�
D�VXPPDWLRQ�RI�D�VHTXHQFH��



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

0RUH�VSHFLILFDOO\��LW�ZLOO�ORRN�OLNH�WKLV�

6R�IRU�SUREOHP����WKH�WHUPV�RI�WKH�VHULHV�ZLOO�
EH������������������������������������ �"�

,QILQLWH�*HRPHWULF�6HULHV�ZLOO�FRQYHUJH�ZKHQ�
WKH�DEVROXWH�YDOXH�RI�5������HOVH�WKH�VHULHV�ZLOO�
GLYHUJH�

'LYHUJHQFH�LPSOLHV�QR�VXP��DND���

*LYHQ�FRQYHUJHQFH��ZH�FDQ�XVH�WKH�IROORZLQJ�
IRUPXOD�WR�HYDOXDWH�WKH�VXPPDWLRQ�

D�����U�
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  Period____Date________________Infinite Geometric Series

Determine if each geometric series converges or diverges.

1)  

  

a
1
 = −3,  

  

r = 4
2)  

  

a
1
 = 4,  

  

r = 

 

−
3

4

3)  

  

a
1
 = 5.5,  

  

r = 0.5 4)  

  

a
1
 = −1,  

  

r = 3

5)  

 

81 + 27 + 9 + 3...,  6)  

 

7.1 + 17.75 + 44.375 + 110.9375...,  

7)  

 

−3 + 

 

12

5
 − 

 

48

25
 + 

 

192

125
...,  8)  

  

128

3125
 − 

 

64

625
 + 

 

32

125
 − 

 

16

25
...,  

9)  Σ

  

k = 1

  

∞

 

−

 

4

   

k − 1
10)  Σ

  

k = 1

  

∞

  

16

9

 

(

 

3

2 )

   

k − 1

11)  Σ

  

i = 1

  

∞

 

4.2 ⋅ 

 

0.2

   

i − 1
12)  Σ

  

k = 1

  

∞

  

7

6

 

(

 

−
1

4)

   

k − 1

Evaluate each infinite geometric series described.

13)  

  

a
1
 = 3,  

  

r = 

 

−
1

5

14)  

  

a
1
 = 1,  

  

r = −4

15)  

  

a
1
 = 1,  

  

r = −3
16)  

  

a
1
 = 1,  

  

r = 

 

1

2

-1-
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17)  

 

1 + 0.5 + 0.25 + 0.125...,  
18)  

 

3 − 

 

9

4
 + 

 

27

16
 − 

 

81

64
...,  

19)  

 

81 − 27 + 9 − 3...,  20)  

 

1 − 0.6 + 0.36 − 0.216...,  

21)  Σ

  

k = 1

  

∞

 

5 ⋅ 

 

(

 

−
1

5)

   

k − 1

22)  Σ

  

n = 1

  

∞

 

−6 ⋅ 

 

(

 

−
1

2 )

   

n − 1

23)  Σ

  

i = 1

  

∞

  

(

 

1

3)

   

i − 1

24)  Σ

  

k = 1

  

∞

  

4

   

k − 1

Determine the common ratio of the infinite geometric series.

25)  

  

a
1
 = 1,  

  

S  = 1.25 26)  

  

a
1
 = 96,  

  

S  = 64

27)  

  

a
1
 = −4,  

  

S  = 

 

−
16

5

28)  

  

a
1
 = 1,  

  

S  = 2.5

-2-
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  Period____Date________________Infinite Geometric Series

Determine if each geometric series converges or diverges.

1)  

  

a
1
 = −3,  

  

r = 4

Diverges

2)  

  

a
1
 = 4,  

  

r = 

 

−
3

4

Converges

3)  

  

a
1
 = 5.5,  

  

r = 0.5

Converges

4)  

  

a
1
 = −1,  

  

r = 3

Diverges

5)  

 

81 + 27 + 9 + 3...,  

Converges

6)  

 

7.1 + 17.75 + 44.375 + 110.9375...,  

Diverges

7)  

 

−3 + 

 

12

5
 − 

 

48

25
 + 

 

192

125
...,  

Converges

8)  

  

128

3125
 − 

 

64

625
 + 

 

32

125
 − 

 

16

25
...,  

Diverges

9)  Σ

  

k = 1

  

∞

 

−

 

4

   

k − 1

Diverges

10)  Σ

  

k = 1

  

∞

  

16

9

 

(

 

3

2 )

   

k − 1

Diverges

11)  Σ

  

i = 1

  

∞

 

4.2 ⋅ 

 

0.2

   

i − 1

Converges

12)  Σ

  

k = 1

  

∞

  

7

6

 

(

 

−
1

4)

   

k − 1

Converges

Evaluate each infinite geometric series described.

13)  

  

a
1
 = 3,  

  

r = 

 

−
1

5

 

5

2

14)  

  

a
1
 = 1,  

  

r = −4

No sum

15)  

  

a
1
 = 1,  

  

r = −3

No sum

16)  

  

a
1
 = 1,  

  

r = 

 

1

2

2

-1-
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17)  

 

1 + 0.5 + 0.25 + 0.125...,  

2

18)  

 

3 − 

 

9

4
 + 

 

27

16
 − 

 

81

64
...,  

 

12

7

19)  

 

81 − 27 + 9 − 3...,  

 

243

4

20)  

 

1 − 0.6 + 0.36 − 0.216...,  

0.625

21)  Σ

  

k = 1

  

∞

 

5 ⋅ 

 

(

 

−
1

5)

   

k − 1

 

25

6

22)  Σ

  

n = 1

  

∞

 

−6 ⋅ 

 

(

 

−
1

2 )

   

n − 1

−4

23)  Σ

  

i = 1

  

∞

  

(

 

1

3)

   

i − 1

 

3

2

24)  Σ

  

k = 1

  

∞

  

4

   

k − 1

No sum

Determine the common ratio of the infinite geometric series.

25)  

  

a
1
 = 1,  

  

S  = 1.25

0.2

26)  

  

a
1
 = 96,  

  

S  = 64

 

−
1

2

27)  

  

a
1
 = −4,  

  

S  = 

 

−
16

5

 

−
1

4

28)  

  

a
1
 = 1,  

  

S  = 2.5

0.6

-2-
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  Period____Date________________Finite Geometric Series

Evaluate the related series of each sequence.

1)  2,  12,  72,  432 2)  −1,  5,  −25,  125

3)  −2,  6,  −18,  54,  −162 4)  −2,  −12,  −72,  −432,  −2592

Evaluate each geometric series described.

5)  Σ

  

k = 1

7

  

4

   

k − 1
6)  Σ

  

i = 1

8

  

(−6)

   

i − 1

7)  Σ

  

i = 1

9

  

2

   

i − 1
8)  Σ

  

m = 1

9

 

−

 

2

   

m − 1

9)  Σ

  

n = 1

8

 

2 ⋅ 

 

(−2)

   

n − 1
10)  Σ

  

n = 1

9

 

4 ⋅ 

 

3

   

n − 1

11)  Σ

  

n = 1

10

 

4 ⋅ 

 

(−3)

   

n − 1
12)  Σ

  

n = 1

9

  

(−2)

   

n − 1

     

-1-
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13)  

 

1 + 2 + 4 + 8...,  

  

n = 6 14)  

 

2 − 10 + 50 − 250...,  

  

n = 8

15)  

 

1 − 4 + 16 − 64...,  

  

n = 9 16)  

 

−2 − 6 − 18 − 54...,  

  

n = 9

17)  

 

1 − 5 + 25 − 125...,  

  

n = 7 18)  

 

−3 − 6 − 12 − 24...,  

  

n = 9

19)  

  

a
1
 = 4,  

  

a

  

n
 = 1024,  

  

r = −2 20)  

  

a
1
 = 4,  

  

a

  

n
 = 8748,  

  

r = 3

     

Determine the number of terms 

     

n in each geometric series.

21)  

  

a
1
 = −2,  

  

r = 5,  

  

S

  

n
 = −62 22)  

  

a
1
 = 3,  

  

r = −3,  

  

S

  

n
 = −60

23)  

  

a
1
 = −3,  

  

r = 4,  

  

S

  

n
 = −4095 24)  

  

a
1
 = −3,  

  

r = −2,  

  

S

  

n
 = 63

25)  

 

−4 + 16 − 64 + 256...,  

  

S

  

n
 = 52428

26)  Σ

  

m = 1

  

n

 

−2 ⋅ 

 

4

   

m − 1
 = −42

-2-
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  Period____Date________________Finite Geometric Series

Evaluate the related series of each sequence.

1)  2,  12,  72,  432

518

2)  −1,  5,  −25,  125

104

3)  −2,  6,  −18,  54,  −162

−122

4)  −2,  −12,  −72,  −432,  −2592

−3110

Evaluate each geometric series described.

5)  Σ

  

k = 1

7

  

4

   

k − 1

5461

6)  Σ

  

i = 1

8

  

(−6)

   

i − 1

−239945

7)  Σ

  

i = 1

9

  

2

   

i − 1

511

8)  Σ

  

m = 1

9

 

−

 

2

   

m − 1

−511

9)  Σ

  

n = 1

8

 

2 ⋅ 

 

(−2)

   

n − 1

−170

10)  Σ

  

n = 1

9

 

4 ⋅ 

 

3

   

n − 1

39364

11)  Σ

  

n = 1

10

 

4 ⋅ 

 

(−3)

   

n − 1

−59048

12)  Σ

  

n = 1

9

  

(−2)

   

n − 1

171

     

-1-
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13)  

 

1 + 2 + 4 + 8...,  

  

n = 6

63

14)  

 

2 − 10 + 50 − 250...,  

  

n = 8

−130208

15)  

 

1 − 4 + 16 − 64...,  

  

n = 9

52429

16)  

 

−2 − 6 − 18 − 54...,  

  

n = 9

−19682

17)  

 

1 − 5 + 25 − 125...,  

  

n = 7

13021

18)  

 

−3 − 6 − 12 − 24...,  

  

n = 9

−1533

19)  

  

a
1
 = 4,  

  

a

  

n
 = 1024,  

  

r = −2

684

20)  

  

a
1
 = 4,  

  

a

  

n
 = 8748,  

  

r = 3

13120

     

Determine the number of terms 

     

n in each geometric series.

21)  

  

a
1
 = −2,  

  

r = 5,  

  

S

  

n
 = −62

3

22)  

  

a
1
 = 3,  

  

r = −3,  

  

S

  

n
 = −60

4

23)  

  

a
1
 = −3,  

  

r = 4,  

  

S

  

n
 = −4095

6

24)  

  

a
1
 = −3,  

  

r = −2,  

  

S

  

n
 = 63

6

25)  

 

−4 + 16 − 64 + 256...,  

  

S

  

n
 = 52428

8

26)  Σ

  

m = 1

  

n

 

−2 ⋅ 

 

4

   

m − 1
 = −42

3

-2-
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���$�FDUG�LV�FKRVHQ�DW�UDQGRP�IURP�D�SDFN�RI����SOD\LQJ�
FDUGV�:KDW�LV�WKH�SUREDELOLW\�RI�D�.LQJ�RU�D�+HDUW"

���,Q�D�FODVV�RI����FKLOGUHQ�����OLNH�KLVWRU\�DQG����OLNH�PDWK��
7KH\�DOO�OLNH�DW�OHDVW�RQH�RI�WKH�WZR�VXEMHFWV�:KDW�LV�WKH�
SUREDELOLW\�WKDW�D�FKLOG�FKRVHQ�DW�UDQGRP�IURP�WKH�FODVV�OLNHV�
PDWK�EXW�QRW�KLVWRU\"

���+$5'��,Q�D�FODVV�RI����FKLOGUHQ�����OLNH�EDQDQDV�����OLNH�
FKHUULHV�DQG����OLNH�VWUDZEHUULHV����RI�WKHP�OLNH�EDQDQDV�DQG�
FKHUULHV����RI�WKHP�OLNH�EDQDQDV�DQG�VWUDZEHUULHV����RI�WKHP�
OLNH�FKHUULHV�DQG�VWUDZEHUULHV��7KH\�DOO�OLNH�DW�OHDVW�RQH�RI�WKH�
IUXLWV��:KDW�LV�WKH�SUREDELOLW\�WKDW�D�FKLOG�FKRVHQ�DW�UDQGRP�
IURP�WKH�FODVV�OLNHV�FKHUULHV�RQO\"
+,17���'5$:��'5$:��'5$:
+,17���3�%Ӣ&Ӣ6�� ���� �3�%����3�&����3�6����3�%ӡ&����
3�%ӡ6����3�&ӡ6����3�%ӡ&ӡ6�
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:$50�83�

���,Q�D�FODVV�RI����FKLOGUHQ�����OLNH�KLVWRU\�DQG����OLNH�PDWK��
7KH\�DOO�OLNH�DW�OHDVW�RQH�RI�WKH�WZR�VXEMHFWV�:KDW�LV�WKH�
SUREDELOLW\�WKDW�D�FKLOG�FKRVHQ�DW�UDQGRP�IURP�WKH�FODVV�OLNHV�
PDWK�EXW�QRW�KLVWRU\"
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:$50�83�

���+$5'��,Q�D�FODVV�RI����FKLOGUHQ�����OLNH�EDQDQDV�����OLNH�
FKHUULHV�DQG����OLNH�VWUDZEHUULHV����RI�WKHP�OLNH�EDQDQDV�DQG�
FKHUULHV����RI�WKHP�OLNH�EDQDQDV�DQG�VWUDZEHUULHV����RI�WKHP�
OLNH�FKHUULHV�DQG�VWUDZEHUULHV��7KH\�DOO�OLNH�DW�OHDVW�RQH�RI�WKH�
IUXLWV��:KDW�LV�WKH�SUREDELOLW\�WKDW�D�FKLOG�FKRVHQ�DW�UDQGRP�
IURP�WKH�FODVV�OLNHV�FKHUULHV�RQO\"
+,17���'5$:��'5$:��'5$:
+,17���3�%Ӣ&Ӣ6�� ���� �3�%����3�&����3�6����3�%ӡ&����
3�%ӡ6����3�&ӡ6����3�%ӡ&ӡ6�

%DQDQDV �� &KHUULHV ��

6WUDZEHUULHV ��

;
727$/ ��
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9LVXDO�)XQ�IRU�WKH�'D\�
7KH�3RJJHQGRUII�LOOXVLRQ��'RHV�WKH�EODFN�OLQH�FRQQHFW�WR�WKH�EOXH�RU�WKH�UHG�OLQH"

/HW
V�FRQILUP�WKH�DQVZHUV�WR�WKH�KRPHZRUN�
TXHVWLRQV�RQ�6HULHV�



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

2QH�RI�WKH�FRQFHSWXDOO\�WULFNLHU�DUHDV�RI�PDWKHPDWLFV�LV�
7ULJRQRPHWU\��7ULJRQRPHWU\�LV�D�EUDQFK�RI�PDWKHPDWLFV�WKDW�
VWXGLHV�WULDQJOHV�DQG�WKH�UHODWLRQVKLSV�EHWZHHQ�WKH�OHQJWKV�RI�
WKHLU�VLGHV�DQG�WKH�DQJOHV�EHWZHHQ�WKRVH�VLGHV��

)LHOGV�WKDW�XVH�WULJRQRPHWU\�RU�
WULJRQRPHWULF�IXQFWLRQV�LQFOXGH�
DVWURQRP\��HVSHFLDOO\�IRU�ORFDWLQJ�
DSSDUHQW�SRVLWLRQV�RI�FHOHVWLDO�REMHFWV��
�QDYLJDWLRQ��RQ�WKH�RFHDQV��LQ�
DLUFUDIW��DQG�LQ�VSDFH���PXVLF�WKHRU\��
DFRXVWLFV��RSWLFV��DQDO\VLV�RI�ILQDQFLDO�
PDUNHWV��HOHFWURQLFV��SUREDELOLW\�WKHRU\��
VWDWLVWLFV��ELRORJ\��PHGLFDO�LPDJLQJ�
�&$7�VFDQV�DQG�XOWUDVRXQG���SKDUPDF\��FKHPLVWU\��QXPEHU�WKHRU\��DQG�
KHQFH�FU\SWRORJ\���VHLVPRORJ\��PHWHRURORJ\��RFHDQRJUDSK\��PDQ\�SK\VLFDO�
VFLHQFHV��ODQG�VXUYH\LQJ�DQG�JHRGHV\��DUFKLWHFWXUH��SKRQHWLFV��HFRQRPLFV��
HOHFWULFDO�HQJLQHHULQJ��PHFKDQLFDO�HQJLQHHULQJ��FLYLO�HQJLQHHULQJ��FRPSXWHU�
JUDSKLFV��FDUWRJUDSK\��FU\VWDOORJUDSK\�DQG�JDPH�GHYHORSPHQW�

+,6725<�2)�75,*2120(75<

��6XPHULDQ�DVWURQRPHUV�LQWURGXFHG�DQJOH�PHDVXUH��XVLQJ�D�GLYLVLRQ�RI�FLUFOHV�LQWR�����
GHJUHHV��

��&ODVVLFDO�*UHHN�PDWKHPDWLFLDQV��VXFK�DV�(XFOLG�DQG�$UFKLPHGHV��VWXGLHG�WKH�
SURSHUWLHV�RI�FKRUGV�DQG�LQVFULEHG�DQJOHV�LQ�FLUFOHV�

��3WROHP\�H[SDQGHG�XSRQ�+LSSDUFKXV
�&KRUGV�LQ�D�&LUFOH�LQ�KLV�$OPDJHVW�

��7KH�PRGHUQ�VLQH�IXQFWLRQ�ZDV�ILUVW�GHILQHG�LQ�WKH�6XU\D�6LGGKDQWD��DQG�LWV�
SURSHUWLHV�ZHUH�IXUWKHU�GRFXPHQWHG�E\�WKH��WK�FHQWXU\�,QGLDQ�PDWKHPDWLFLDQ�DQG�
DVWURQRPHU�$U\DEKDWD�

��%\�WKH���WK�FHQWXU\��,VODPLF�PDWKHPDWLFLDQV�ZHUH�XVLQJ�DOO�VL[�WULJRQRPHWULF�
IXQFWLRQV��KDG�WDEXODWHG�WKHLU�YDOXHV��DQG�ZHUH�DSSO\LQJ�WKHP�WR�SUREOHPV�LQ�VSKHULFDO�
JHRPHWU\�

��2QH�RI�WKH�HDUOLHVW�ZRUNV�RQ�WULJRQRPHWU\�E\�D�(XURSHDQ�PDWKHPDWLFLDQ�LV�'H�
7ULDQJXOLV�E\�WKH���WK�FHQWXU\�*HUPDQ�PDWKHPDWLFLDQ�5HJLRPRQWDQXV�

��'ULYHQ�E\�WKH�GHPDQGV�RI�QDYLJDWLRQ�DQG�WKH�JURZLQJ�QHHG�IRU�DFFXUDWH�PDSV�RI�
ODUJH�DUHDV��WULJRQRPHWU\�JUHZ�LQWR�D�PDMRU�EUDQFK�RI�PDWKHPDWLFV�
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/HW
V�VWDUW�ZLWK�WKH�PRVW�EDVLF�DSSOLFDWLRQ�RI�7ULJRQRPHWU\�

7KLV�LV�XQGHUVWDQGLQJ�WKH�EDVLF�GHILQLWLRQV�RI�WKH���PDLQ�
WULJRQRPHWULF�IXQFWLRQV�LQ�WKH�FRQWH[W�RI�D�ULJKW�WULDQJOH�

7KH\�DUH��

2QH�RI�WKH�PRUH�FRPPRQ�WULJRQRPHWULF�ODZV�LV�FDOOHG�WKH�
/DZ�RI�&RVLQHV��,W�DOORZV�XV�WR�FDOFXODWH��IRU�DQ\�WULDQJOH��WKH�
OHQJWK�RI�D�VLGH�RI�D�WULDQJOH�ZKHQ�ZH�NQRZ�WZR�VLGHV�DQG�WKH�
DQJOH�RSSRVLWH�WKH�VLGH�ZH�ZDQW�WR�NQRZ��

7KH�3\WKDJRUHDQ�
7KHRUHP�LV�DFWXDOO\�
D�VSHFLDO�FDVH�RI�WKH�
/DZ�RI�&RVLQHV��
ZKHQ�&�LV�����



PDW���PDU��FODVV�QRWHERRN 0DUFK���������

(XFOLG
V�HOHPHQWV�FRQWDLQHG�WKH�EDVLF�LGHD�RI�WKH�/DZ�RI�
&RVLQHV��EXW�LW�ZDVQ
W�XQWLO�WKH�ILIWHHQWK�FHQWXU\�ZKHQ�WKH�
3HUVLDQ�DVWURQRPHU�DO�.DVKL�IRUPDOL]HG�WKH�WKHRUHP��7KLV�FDQ�
EH�IRXQG�LQ�KLV�ZRUN���7KH�.H\�WR�$ULWKPHWLF���FRPSOHWHG�LQ�
������$�)UHQFK�PDWKHPDWLFLDQ��)UDQFRLV�9LHWH�DOVR�GLVFRYHUHG�
WKH�ODZ�LQGHSHQGHQWO\�RI�DO�.DVKL��9LHWH�RQFH�FUDFNHG�D�
FRPSOH[�FLSKHU�RI�WKH�.LQJ�RI�6SDLQ�IRU�WKH�.LQJ�RI�)UDQFH��
:KHQ�WKH�.LQJ�RI�6SDLQ�OHDUQHG�WKDW�WKH�)UHQFK�NQHZ�RI�KLV�
PLOLWDU\�SODQV��KH�FRPSODLQHG�WR�WKH�3RSH�WKDW�EODFN�PDJLF�ZDV�
EHLQJ�XVHG�DJDLQVW�6SDLQ��

/HW
V�QRZ�XVH�WKH�/DZ�RI�&RVLQHV�WR�PDNH�
VRPH�FRPSXWDWLRQV��

%H�VXUH�WR�ORFDWH�WKH�&26�EXWWRQ�RQ�\RXU�
JLYHQ�FDOFXODWRU��

3OXJ�LQ�ZKDW�\RX�NQRZ��5HPHPEHU��ZH�ZDQW�
WR�VROYH�IRU�&�
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F�� �����������
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  Period____Date________________Right Triangle Trig. - Evaluating Trig. Ratios

Find the value of the trig function indicated.

1)  sec 

  

θ

 

17

8

15

  

θ

 

2)  sec 

  

θ

 

13

5
12

  

θ

 

3)  cot 

  

θ

 

5

3

4

  

θ

 

4)  csc 

  

θ

 

17
15

8

  

θ

 

5)  csc 

  

θ

 

24

 

16 2

8

  

θ

 

6)  cos 

  

θ

 

21

7

 

14 2

  

θ

 

7)  cot 

  

θ

 

25
15

20

  

θ

 

8)  tan 

  

θ

 

24
22

 

2 23

  

θ

 

9)  tan 

  

θ

 

10
6

8

  

θ

 

10)  cot 

  

θ

 

6
4

 

2 5

  

θ

 

11)  tan 

  

θ

 

5

34

  

θ

 

12)  cot 

  

θ

  

12 5

24
12

  

θ

 

-1-
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13)  tan 

  
θ

 

25

7

24

  

θ

 
14)  sin 

  
θ

 

7
6

13

  

θ

 

Find the value of each.  Round your answers to the nearest ten-thousandth.

15)  cos 10° 16)  sin 60°

17)  csc 21° 18)  cos 60°

19)  tan 40° 20)  csc 59°

21)  csc 56° 22)  cot 65°

23)  tan 10° 24)  tan 25°

Find the value of the trig function indicated.

25)  Find csc 

  

θ

 

 if tan 

  

θ

 

 = 

 

3

4

26)  Find cot 

  

θ

 

 if sec 

  

θ

 

 = 2

27)  Find tan 

  

θ

 

 if sin 

  

θ

 

 = 

 

4

5
28)  Find cot 

  

θ

 

 if sec 

  

θ

 

 = 

 

5

4

29)  Find sec 

  

θ

 

 if sin 

  

θ

 

 = 

  

3 13

13
30)  Find cot 

  

θ

 

 if sin 

  

θ

 

 = 

 

12

13

Critical think questions:

31)  Draw a right triangle that has an angle with a

tangent of 1.

32)  What is the slope of the hypotenuse for #9?

How does that compare to tan

   

θ

 

?  Why?

-2-
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  Period____Date________________Right Triangle Trig. - Evaluating Trig. Ratios

Find the value of the trig function indicated.

1)  sec 

  

θ

 

17

8

15

  

θ

  

17

15
2)  sec 

  

θ

 

13

5
12

  

θ

  

13

12

3)  cot 

  

θ

 

5

3

4

  

θ

  

4

3
4)  csc 

  

θ

 

17
15

8

  

θ

  

17

15

5)  csc 

  

θ

 

24

 

16 2

8

  

θ

   

3 2

4
6)  cos 

  

θ

 

21

7

 

14 2

  

θ

   

2 2

3

7)  cot 

  

θ

 

25
15

20

  

θ

  

4

3
8)  tan 

  

θ

 

24
22

 

2 23

  

θ

   

11 23

23

9)  tan 

  

θ

 

10
6

8

  

θ

  

3

4
10)  cot 

  

θ

 

6
4

 

2 5

  

θ

  

5

2

11)  tan 

  

θ

 

5

34

  

θ

  

3

4
12)  cot 

  

θ

  

12 5

24
12

  

θ

  

1

2

-1-
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13)  tan 

  
θ

 

25

7

24

  

θ

  
7

24
14)  sin 

  
θ

 

7
6

13

  

θ

  
6

7

Find the value of each.  Round your answers to the nearest ten-thousandth.

15)  cos 10°

0.9848

16)  sin 60°

0.8660

17)  csc 21°

2.7904

18)  cos 60°

0.5000

19)  tan 40°

0.8391

20)  csc 59°

1.1666

21)  csc 56°

1.2062

22)  cot 65°

0.4663

23)  tan 10°

0.1763

24)  tan 25°

0.4663

Find the value of the trig function indicated.

25)  Find csc 

  

θ

 

 if tan 

  

θ

 

 = 

 

3

4

 

5

3

26)  Find cot 

  

θ

 

 if sec 

  

θ

 

 = 2

 

3

3

27)  Find tan 

  

θ

 

 if sin 

  

θ

 

 = 

 

4

5

 

4

3
28)  Find cot 

  

θ

 

 if sec 

  

θ

 

 = 

 

5

4

 

4

3

29)  Find sec 

  

θ

 

 if sin 

  

θ

 

 = 

  

3 13

13

 

13

2
30)  Find cot 

  

θ

 

 if sin 

  

θ

 

 = 

 

12

13

 

5

12

Critical think questions:

31)  Draw a right triangle that has an angle with a

tangent of 1.

Any right isosceles triangle.

32)  What is the slope of the hypotenuse for #9?

How does that compare to tan

   

θ

 

?  Why?

 

3

4
  It's the same as tan

   

θ

 

 since rise/run = opp/adj 

-2-
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  Period____Date________________The Law of Cosines

Find each measurement indicated.  Round your answers to the nearest tenth.

1)  Find AB

13

29

C A

B

41°

2)  Find BC

30

21

A
B

C

123°

3)  Find BC

2817

A

BC

91°

4)  Find BC

14

9

A B

C

17°

5)  Find AB

12

13

C
A

B

134°

6)  Find AB

20

22C

A

B
95°

7)  Find m∠A

9 6

14
C

A

B

8)  Find m∠B

22 17
A

B C
143°

9)  Find m∠A

2829

C

AB

52°

10)  Find m∠C

29

24B

C

A
101°

-1-
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11)  Find m∠A

17

11

10

C

AB

12)  Find m∠A

13

20 C

A

B
139°

Solve each triangle.  Round your answers to the nearest tenth.

13)  

27 ft

22 ftC

A

B
105°

14)  

16 cm

25 cm B

C

A
97°

15)  

17 in

30 in

BC

A

88°

16)  

18 cm

21.9 cm

10.4 cm

C

AB

17)  

12 mi
7 mi

B

CA

91°

18)  

27 mi

29 mi

BC

A

63°

19)  In ∆ABC, a = 14 cm,  b = 9 cm,  c = 6 cm 20)  In ∆XYZ, m∠X = 138°,  y = 15 in,  z = 25 in

21)  In ∆QRP, q = 12 in,  p = 28 in,  r = 18 in 22)  In ∆QRP, p = 28 km,  q = 17 km,  r = 15 km

23)  In ∆DEF, e = 16 yd,  d = 12 yd,  f = 17 yd 24)  In ∆RPQ, p = 18 mi,  m∠R = 17°,  q = 28 mi

-2-
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  Period____Date________________The Law of Cosines

Find each measurement indicated.  Round your answers to the nearest tenth.

1)  Find AB

13

29

C A

B

41°

21

2)  Find BC

30

21

A
B

C

123°

45

3)  Find BC

2817

A

BC

91°

33

4)  Find BC

14

9

A B

C

17°

6

5)  Find AB

12

13

C
A

B

134°

23

6)  Find AB

20

22C

A

B
95°

31

7)  Find m∠A

9 6

14
C

A

B
137°

8)  Find m∠B

22 17
A

B C
143°16°

9)  Find m∠A

2829

C

AB

52°

66°

10)  Find m∠C

29

24B

C

A
101°

35°

-1-
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11)  Find m∠A

17

11

10

C

AB
34°

12)  Find m∠A

13

20 C

A

B
139°

25°

Solve each triangle.  Round your answers to the nearest tenth.

13)  

27 ft

22 ftC

A

B
105°

33° 39 ft

42°

14)  

16 cm

25 cm B

C

A
97°

52.5°
31.3 cm

30.5°

15)  

17 in

30 in

BC

A

88°62°

34 in

30°

16)  

18 cm

21.9 cm

10.4 cm

C

AB

97.3°

28.1°54.6°

17)  

12 mi
7 mi

B

CA

91°

30°

14 mi

59°

18)  

27 mi

29 mi

BC

A

63°61.8°

29.3 mi 55.2°

19)  In ∆ABC, a = 14 cm,  b = 9 cm,  c = 6 cm

m∠A = 137°, m∠B = 26°, m∠C = 17°

20)  In ∆XYZ, m∠X = 138°,  y = 15 in,  z = 25 in

m∠Y = 15.5°, m∠Z = 26.5°, x = 37.5 in

21)  In ∆QRP, q = 12 in,  p = 28 in,  r = 18 in

m∠Q = 17°, m∠R = 26°, m∠P = 137°

22)  In ∆QRP, p = 28 km,  q = 17 km,  r = 15 km

m∠Q = 31°, m∠R = 27°, m∠P = 122°

23)  In ∆DEF, e = 16 yd,  d = 12 yd,  f = 17 yd

m∠D = 42.5°, m∠E = 64.3°, m∠F = 73.2°

24)  In ∆RPQ, p = 18 mi,  m∠R = 17°,  q = 28 mi

m∠P = 26°, m∠Q = 137°, r = 12 mi

-2-
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PDW���DSU�FODVV�QRWHERRN $SULO���������

:$50�83�

���:KDW�DUH�WKH�WKUHH�PRVW�FRPPRQ�WULJRQRPHWULF�IXQFWLRQV"

���+RZ�DUH�WKH\�GHILQHG��ZKDW�LV�WKH�PQHPRQLF"

���7U\�WR�ORFDWH�WKH���PHWKRGV�RI�PHDVXULQJ�DQJOH�RQ�\RXU�
FDOFXODWRU���RQH�LV�REYLRXV�

���'HILQH�WKH�/DZ�RI�&RVLQHV��GUDZ�D�GLDJUDP�H[SODLQLQJ�ZKDW�
HDFK�YDULDEOH�VWDQGV�IRU��

���2I�WKH�VHYHQWK�JUDGHUV�DW�'DUPXWK�PLGGOH�VFKRRO����SOD\HG�
EDVNHWEDOO����SOD\HG�YROOH\EDOO�����SOD\HG�VRFFHU��DQG���SOD\HG�
EDVNHWEDOO�DQG�YROOH\EDOO����SOD\HG�EDVNHWEDOO�DQG�VRFFHU����
SOD\HG�YROOH\EDOO�DQG�VRFFHU��DQG���SOD\HG�YROOH\EDOO��EDVNHWEDOO��
DQG�VRFFHU��7KHUH�DUH�D�WRWDO�RI����VHYHQWK�JUDGHUV�WKDW�DWWHQG�
'DUPXWK�PLGGOH�VFKRRO��+RZ�PDQ\�VWXGHQWV�SOD\HG�QR�VSRUWV"



PDW���DSU�FODVV�QRWHERRN $SULO���������

9LVXDO�)XQ�IRU�WKH�'D\�
7KH�=|OOQHU�LOOXVLRQ��'HVSLWH�WKHLU�DSSHDUDQFH��WKH�EODFN�OLQHV�DUH�SDUDOOHO�



PDW���DSU�FODVV�QRWHERRN $SULO���������

/HW
V�XVH�WKH�/DZ�RI�&RVLQHV�WR�FRPSOHWH�
PRUH�RI�WKH�ZRUNVKHHW�



PDW���DSU�FODVV�QRWHERRN $SULO���������

75(9,62�$5,7+0(7,&
7KH�7UHYLVR�$ULWKPHWLF�LV�WKH�HDUOLHVW�NQRZQ�SULQWHG�PDWKHPDWLFV�ERRN�LQ�WKH�:HVW��
DQG�RQH�RI�WKH�ILUVW�SULQWHG�(XURSHDQ�WH[WERRNV�GHDOLQJ�ZLWK�D�VFLHQFH��,W�KHOSHG�WR�HQG�
WKH�PRQRSRO\�RQ�PDWKHPDWLFDO�NQRZOHGJH�DQG�JDYH�LPSRUWDQW�LQIRUPDWLRQ�WR�WKH�PLGGOH�
FODVV��7KH�7UHYLVR�EHFDPH�RQH�RI�WKH�ILUVW�PDWKHPDWLFV�ERRNV�WKDW�ZHUH�ZULWWHQ�IRU�WKH�
H[SDQVLRQ�RI�KXPDQ�NQRZOHGJH��,W�JDYH�RSSRUWXQLW\�IRU�WKH�FRPPRQ�SHUVRQ�WR�OHDUQ�WKH�
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  Period____Date________________Operations with Complex Numbers

Simplify.

1)  

 

i + 6i 2)  

 

3 + 4 + 6i

3)  

 

3i + i 4)  

 

−8i − 

 

7i

5)  

 

−1 − 8i − 4 − i 6)  

 

7 + i + 4 + 4

7)  

 

−3 + 6i − 

 

(

 

−5 − 3i) − 

 

8i 8)  

 

3 + 3i + 8 − 2i − 

 

7

9)  

 

4i(

 

−2 − 8i) 10)  

 

5i ⋅ −i

11)  

 

5i ⋅ i ⋅ −2i 12)  

 

−4i ⋅ 5i

13)  

 

(

 

−2 − i)(

 

4 + i) 14)  

 

(

 

7 − 6i)(

 

−8 + 3i)

15)  

 

7i ⋅ 3i(

 

−8 − 6i) 16)  

 

(

 

4 − 5i)(

 

4 + i)

-1-
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17)  

 

(

 

2 − 4i)(

 

−6 + 4i) 18)  

 

(

 

−3 + 2i)(

 

−6 − 8i)

19)  

 

(

 

8 − 6i)(

 

−4 − 4i) 20)  

 

(

 

1 − 7i)2

21)  

 

6(

 

−7 + 6i)(

 

−4 + 2i) 22)  

 

(

 

−2 − 2i)(

 

−4 − 3i)(

 

7 + 8i)

23)  

 

5i + 

 

7i ⋅ i 24)  

 

(6i)3

25)  

  

6i ⋅ −4i + 8 26)  

 

−6(

 

4 − 6i)

27)  

 

(

 

8 − 3i)2 28)  

 

3 + 7i − 

 

3i − 

 

4

29)  

  

−3i ⋅ 6i − 

 

3(

 

−7 + 6i) 30)  

 

−6i(

 

8 − 6i)(

 

−8 − 8i)

Critical thinking questions:

31)  How are the following problems different?
 

Simplify:  

 

(

 

2 + 

  

x)(

 

3 − 2

  

x) 
Simplify:  

 

(

 

2 + i)(

 

3 − 2i)

32)  How are the following problems different?
 

Simplify:  

 

2 + 

  

x − 

 

(

 

3 − 2

  

x) 
Simplify:  

 

2 + i − 

 

(

 

3 − 2i)

-2-
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  Period____Date________________Operations with Complex Numbers

Simplify.

1)  

 

i + 6i

7i

2)  

 

3 + 4 + 6i

 

7 + 6i

3)  

 

3i + i

4i

4)  

 

−8i − 

 

7i

−15i

5)  

 

−1 − 8i − 4 − i

 

−5 − 9i

6)  

 

7 + i + 4 + 4

 

15 + i

7)  

 

−3 + 6i − 

 

(

 

−5 − 3i) − 

 

8i

 

2 + i

8)  

 

3 + 3i + 8 − 2i − 

 

7

 

4 + i

9)  

 

4i(

 

−2 − 8i)

 

32 − 8i

10)  

 

5i ⋅ −i

5

11)  

 

5i ⋅ i ⋅ −2i

10i

12)  

 

−4i ⋅ 5i

20

13)  

 

(

 

−2 − i)(

 

4 + i)

 

−7 − 6i

14)  

 

(

 

7 − 6i)(

 

−8 + 3i)

 

−38 + 69i

15)  

 

7i ⋅ 3i(

 

−8 − 6i)

 

168 + 126i

16)  

 

(

 

4 − 5i)(

 

4 + i)

 

21 − 16i

-1-
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17)  

 

(

 

2 − 4i)(

 

−6 + 4i)

 

4 + 32i

18)  

 

(

 

−3 + 2i)(

 

−6 − 8i)

 

34 + 12i

19)  

 

(

 

8 − 6i)(

 

−4 − 4i)

 

−56 − 8i

20)  

 

(

 

1 − 7i)2

 

−48 − 14i

21)  

 

6(

 

−7 + 6i)(

 

−4 + 2i)

 

96 − 228i

22)  

 

(

 

−2 − 2i)(

 

−4 − 3i)(

 

7 + 8i)

 

−98 + 114i

23)  

 

5i + 

 

7i ⋅ i

 

−7 + 5i

24)  

 

(6i)3

−216i

25)  

  

6i ⋅ −4i + 8

32

26)  

 

−6(

 

4 − 6i)

 

−24 + 36i

27)  

 

(

 

8 − 3i)2

 

55 − 48i

28)  

 

3 + 7i − 

 

3i − 

 

4

 

−1 + 4i

29)  

  

−3i ⋅ 6i − 

 

3(

 

−7 + 6i)

 

39 − 18i

30)  

 

−6i(

 

8 − 6i)(

 

−8 − 8i)

 

−96 + 672i

Critical thinking questions:

31)  How are the following problems different?
 

Simplify:  

 

(

 

2 + 

  

x)(

 

3 − 2

  

x) 
Simplify:  

 

(

 

2 + i)(

 

3 − 2i)

i² = −1 so it leads to a few more steps

32)  How are the following problems different?
 

Simplify:  

 

2 + 

  

x − 

 

(

 

3 − 2

  

x) 
Simplify:  

 

2 + i − 

 

(

 

3 − 2i)

There is no difference.

-2-
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  Period____Date________________Properties of Complex Numbers

Find the absolute value of each complex number.

1)  

 

7 − i 2)  

 

−5 − 5i

3)  

 

−2 + 4i 4)  

 

3 − 6i

5)  

 

10 − 2i 6)  

 

−4 − 8i

7)  

 

−4 − 3i 8)  

 

8 − 3i

9)  

 

1 − 8i 10)  

 

−4 + 10i

Graph each number in the complex plane.

11)  

 

−3 + 4i

Real

Imaginary

12)  

 

−1 + 5i

Real

Imaginary

13)  

 

−1 − 4i

Real

Imaginary

14)  

 

4 + 4i

Real

Imaginary

-1-
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15)  

 

−3 + 5i

Real

Imaginary

16)  

 

2 + 4i

Real

Imaginary

Identify each complex number graphed.

17)  

Real

Imaginary
18)  

Real

Imaginary

19)  

Real

Imaginary
20)  

Real

Imaginary

21)  

Real

Imaginary
22)  

Real

Imaginary

-2-
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  Period____Date________________Properties of Complex Numbers

Find the absolute value of each complex number.

1)  

 

7 − i

 

5 2

2)  

 

−5 − 5i

 

5 2

3)  

 

−2 + 4i

 

2 5

4)  

 

3 − 6i

 

3 5

5)  

 

10 − 2i

 

2 26

6)  

 

−4 − 8i

 

4 5

7)  

 

−4 − 3i

5

8)  

 

8 − 3i

73

9)  

 

1 − 8i

65

10)  

 

−4 + 10i

 

2 29

Graph each number in the complex plane.

11)  

 

−3 + 4i

Real

Imaginary

12)  

 

−1 + 5i

Real

Imaginary

13)  

 

−1 − 4i

Real

Imaginary

14)  

 

4 + 4i

Real

Imaginary

-1-
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15)  

 

−3 + 5i

Real

Imaginary

16)  

 

2 + 4i

Real

Imaginary

Identify each complex number graphed.

17)  

Real

Imaginary

 

−5 − 4i

18)  

Real

Imaginary

 

2 + 4i

19)  

Real

Imaginary

 

1 + 3i

20)  

Real

Imaginary

 

1 − 5i

21)  

Real

Imaginary

 

4 + 2i

22)  

Real

Imaginary

 

−1 + 5i

-2-
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QRWLRQV�RI�/RJDULWKPV��/RJDULWKPV�ZHUH�LQYHQWHG�
�GLVFRYHUHG"��E\�WKH�6FRWWLVK�PDWKHPDWLFLDQ�-RKQ�1DSLHU�LQ�
KLV������ERRN���$�'HVFULSWLRQ�RI�WKH�0DUYHORXV�5XOHV�RI�
/RJDULWKPV���
&RXQWOHVV�EUHDNWKURXJKV�LQ�VFLHQFH�DQG�HQJLQHHULQJ�KDYH�
EHHQ�PDGH�SRVVLEOH�E\�PDNLQJ�GLIILFXOW�FDOFXODWLRQV�WKURXJK�
ORJDULWKPV��WKH\�DUH�XVHG�WR�GHVFULEH�S+�OHYHOV�LQ�FKHPLVWU\�
DQG�WKH�5LFKWHU�VFDOH�LQ�HDUWKTXDNH�PHDVXUHPHQW��
7DEOHV�RI�ORJDULWKPV�ZHUH�D�
WUHPHQGRXV�KHOS�LQ�WKH�DUHDV�RI�
VXUYH\LQJ�DQG�QDYLJDWLRQ�XQWLO�
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ZHUH�XS�WR�WKH�WDVN�

$�ORJDULWKP�LV�D�VRUW�RI�H[SRQHQW��ZKHUH�ZH�UHIHU�WR�WKH�ORJ�RI�
EDVH�E�RI�D�QXPEHU�[��

6R��WKH�ORJE�[��LV�HTXDO�WR�WKH�H[SRQHQW�\�WKDW�VDWLVILHV�WKH�
HTXDWLRQ��[� �E\�

&216,'(5�KRZ���� �����LV�UDWKHU�VWUDLJKWIRUZDUG�

:HOO��ZH�FDQ�DOVR�H[SUHVV�WKLV�UHODWLRQVKLS�ORJDULWKPLFDOO\�DV�
ORJ������ �

/RJV��OLNH�H[SRQHQWV��
FDQ�KDYH�DQ\�EDVH��+RZHYHU��
WKH�WZR�PRVW�FRPPRQ�DUH�EDVH�
���DQG�EDVH�H������������2Q�\RXU�
FDOFXODWRU��WKH�/2*�EXWWRQ�LV�
EDVH�����DQG�WKH�/1�EXWWRQ�LV�EDVH�H�
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/RJDULWKPV�DOORZV�XV�WR�NQRZ�KRZ�PDQ\�RI�RQH�QXPEHU�
ZH�PXOWLSO\�WR�JHW�DQRWKHU�QXPEHU�

)RU�H[DPSOH��KRZ�PDQ\��V�GR�ZH�PXOWLSO\�WR�JHW��"�

:HOO��VLQFH�WKH�DQVZHU�LV�REYLRXVO\����ZH�FDQ�VD\�WKDW��
WKH�ORJDULWKP�EDVH���RI���LV����

7KLV�LV�ZULWWHQ�DV�ORJ����� ����

,Q�D�ZD\��WKH�ORJDULWKP�WHOOV�\RX�ZKDW�WKH�H[SRQHQW�LV�

7KLQN�RI�ORJDULWKPV�DV�ZKDW�H[SRQHQW�GR�ZH�QHHG�IRU�RQH�
QXPEHU�WR�EHFRPH�DQRWKHU�QXPEHU��

620(�%$6,&�/2*�352%/(06�

:KDW�LV�ORJ������"

:KDW�LV�ORJ������"

:ULWH������� �����LQ�ORJDULWKPLF�IRUP�

:ULWH�ORJ��������� ���LQ�H[SRQHQWLDO�IRUP�
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  Period____Date________________The Meaning Of Logarithms

Rewrite each equation in exponential form.

1)  log
6

36 = 2
2)  log

289
17 = 

 

1

2

3)  log
14

 

1

196
 = −2

4)  log
3

81 = 4

Rewrite each equation in logarithmic form.

5)  

 

64

 

1

2
 = 8

6)  

 

12
2
 = 144

7)  

 

9
−2

 = 

 

1

81
8)  

 

(

 

1

12 )
2

 = 

 

1

144

Rewrite each equation in exponential form.

9)  log

  

u

 

15

16
 = 

  

v
10)  log

  

v

  

u = 4

11)  log

 

7

4

  

x = 

  

y 12)  log
2

  

v = 

  

u

13)  log

  

u

  

v = −16 14)  log

  

y

  

x = −8

Rewrite each equation in logarithmic form.

15)  

   

u
−14

 = 

  

v 16)  

 

8

  

b
 = 

  

a

-1-
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17)  

 

(

 

1

5 )

  

x

 = 

  

y
18)  

 

6

  

y
 = 

  

x

19)  

 

9

  

y
 = 

  

x 20)  

   

b

  

a
 = 123

Evaluate each expression.

21)  log
4

64 22)  log
6

216

23)  log
4

16
24)  log

3

 

1

243

25)  log
5

125 26)  log
2

4

27)  log
343

7 28)  log
2

16

29)  log
64

4
30)  log

6

 

1

216

Simplify each expression.

31)  

 

12
log

12
144

32)  

 

5
log

5
17

33)  

   

x
log

  

x 72

34)  

 

9
log

3
20

-2-
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  Period____Date________________The Meaning Of Logarithms

Rewrite each equation in exponential form.

1)  log
6

36 = 2

 

6
2
 = 36

2)  log
289

17 = 

 

1

2

 

289

 

1

2
 = 17

3)  log
14

 

1

196
 = −2

 

14
−2

 = 

 

1

196

4)  log
3

81 = 4

 

3
4
 = 81

Rewrite each equation in logarithmic form.

5)  

 

64

 

1

2
 = 8

log
64

8 = 

 

1

2

6)  

 

12
2
 = 144

log
12

144 = 2

7)  

 

9
−2

 = 

 

1

81

log
9

 

1

81
 = −2

8)  

 

(

 

1

12 )
2

 = 

 

1

144

log

 

1

12

 

1

144
 = 2

Rewrite each equation in exponential form.

9)  log

  

u

 

15

16
 = 

  

v

   

u

  

v
 = 

 

15

16

10)  log

  

v

  

u = 4

   

v
4
 = 

  

u

11)  log

 

7

4

  

x = 

  

y

 

(

 

7

4 )

  

y

 = 

  

x

12)  log
2

  

v = 

  

u

 

2

  

u
 = 

  

v

13)  log

  

u

  

v = −16

   

u
−16

 = 

  

v

14)  log

  

y

  

x = −8

   

y
−8

 = 

  

x

Rewrite each equation in logarithmic form.

15)  

   

u
−14

 = 

  

v

log

  

u

  

v = −14

16)  

 

8

  

b
 = 

  

a

log
8

  

a = 

  

b

-1-
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17)  

 

(

 

1

5 )

  

x

 = 

  

y

log

 

1

5

  

y = 

  

x

18)  

 

6

  

y
 = 

  

x

log
6

  

x = 

  

y

19)  

 

9

  

y
 = 

  

x

log
9

  

x = 

  

y

20)  

   

b

  

a
 = 123

log

  

b
123 = 

  

a

Evaluate each expression.

21)  log
4

64

3

22)  log
6

216

3

23)  log
4

16

2

24)  log
3

 

1

243

−5

25)  log
5

125

3

26)  log
2

4

2

27)  log
343

7

 

1

3

28)  log
2

16

4

29)  log
64

4

 

1

3

30)  log
6

 

1

216

−3

Simplify each expression.

31)  

 

12
log

12
144

144

32)  

 

5
log

5
17

17

33)  

   

x
log

  

x 72

72

34)  

 

9
log

3
20

400

-2-
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  Period____Date________________Properties of Logarithms

Expand each logarithm.

1)  log (

 

6 ⋅ 11) 2)  log (

 

5 ⋅ 3)

3)  log

 

(

 

6

11 )
5

4)  log (

 

3 ⋅ 

 

2
3)

5)  log

  

2
4

5
6)  log

 

(

 

6

5 )
6

7)  log

   

x

    

y

 

6

8)  log

 

(

   

a

 

 ⋅ 

  

b

 

)2

9)  log

    

u

 

4

  

v

 

10)  log

   

x

    

y

 

5

11)  log
3

    

x

 

 ⋅ 

  

y

 

 ⋅ 

  

z

 

12)  log (

    

x

 

 ⋅ 

  

y

 

 ⋅ 

   

z

 

2)

-1-
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Condense each expression to a single logarithm.

13)  

 

log 3 − 

 

log 8
14)  

 

log 6

3

15)  

  

4 log 3 − 

 

4 log 8 16)  

 

log 2 + log 11 + log 7

17)  

 

log 7 − 

 

2 log 12
18)  

  

2 log 7

3

19)  

  

6 log
3

  

u

 

 + 

 

6 log
3

  

v

 

20)  

 

ln

  

x

 

 − 

 

4 ln

  

y

 

21)  

 

log
4

  

u

 

 − 

 

6 log
4

  

v

 

22)  

 

log
3

  

u

 

 − 

 

5 log
3

  

v

 

23)  

  

20 log
6

  

u

 

 + 

 

5 log
6

  

v

 

24)  

  

4 log
3

  

u

 

 − 

 

20 log
3

  

v

 

Critical thinking questions:

25)  

  

2(

 

log 2

  

x

 

 − 

 

log

  

y

 

) − 

 

(

 

log 3 + 

 

2 log 5) 26)  

 

log

  

x

 

 ⋅ log 2

-2-
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  Period____Date________________Properties of Logarithms

Expand each logarithm.

1)  log (

 

6 ⋅ 11)

 

log 6 + log 11

2)  log (

 

5 ⋅ 3)

 

log 5 + log 3

3)  log

 

(

 

6

11 )
5

  

5 log 6 − 

 

5 log 11

4)  log (

 

3 ⋅ 

 

2
3)

 

log 3 + 

 

3 log 2

5)  log

  

2
4

5

  

4 log 2 − 

 

log 5

6)  log

 

(

 

6

5 )
6

  

6 log 6 − 

 

6 log 5

7)  log

   

x

    

y

 

6

 

log

  

x

 

 − 

 

6 log

  

y

 

8)  log

 

(

   

a

 

 ⋅ 

  

b

 

)2

  

2 log

  

a

 

 + 

 

2 log

  

b

 

9)  log

    

u

 

4

  

v

   

4 log

  

u

 

 − 

 

log

  

v

 

10)  log

   

x

    

y

 

5

 

log

  

x

 

 − 

 

5 log

  

y

 

11)  log
3

    

x

 

 ⋅ 

  

y

 

 ⋅ 

  

z

   

log

  

x

 

3
 + 

 

log

  

y

 

3
 + 

 

log

  

z

 

3

12)  log (

    

x

 

 ⋅ 

  

y

 

 ⋅ 

   

z

 

2)

 

log

  

x

 

 + log

  

y

 

 + 

 

2 log

  

z

 

-1-
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Condense each expression to a single logarithm.

13)  

 

log 3 − 

 

log 8

log

 

3

8

14)  

 

log 6

3

log
3

6

15)  

  

4 log 3 − 

 

4 log 8

log

  

3
4

 

8
4

16)  

 

log 2 + log 11 + log 7

log 154

17)  

 

log 7 − 

 

2 log 12

log

 

7

 

12
2

18)  

  

2 log 7

3

log
3

 

7
2

19)  

  

6 log
3

  

u

 

 + 

 

6 log
3

  

v

 

log
3

(

    

v

 

6

   

u

 

6)

20)  

 

ln

  

x

 

 − 

 

4 ln

  

y

 

ln

   

x

    

y

 

4

21)  

 

log
4

  

u

 

 − 

 

6 log
4

  

v

 

log
4

   

u

    

v

 

6

22)  

 

log
3

  

u

 

 − 

 

5 log
3

  

v

 

log
3

   

u

    

v

 

5

23)  

  

20 log
6

  

u

 

 + 

 

5 log
6

  

v

 

log
6

(

    

v

 

5

   

u

 

20)

24)  

  

4 log
3

  

u

 

 − 

 

20 log
3

  

v

 

log
3

    

u

 

4

   

v

 

20

Critical thinking questions:

25)  

  

2(

 

log 2

  

x

 

 − 

 

log

  

y

 

) − 

 

(

 

log 3 + 

 

2 log 5)

log

 

4

  

x

 

2

75

  

y

 

2

26)  

 

log

  

x

 

 ⋅ log 2

Can't be simplified.

-2-
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ORJD�PU�� �U��ORJDP�� 7KH�ORJ�RI�P�ZLWK�DQ�H[SRQHQW�U�LV�U�WLPHV�WKH�ORJ�RI�P�
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ŝŵĂŐŝŶĞĚ͘�/ƚ�ŝƐ�ƌĞĂůůǇ�ĂŶ�ĞŶƚŝƌĞ�ĐŽƵƌƐĞ�ŽĨ�ƐƚƵĚǇ�ƵŶƚŽ�ŝƚƐĞůĨ͘��ƚ�ŝƚƐ�
ŵŽƐƚ�ƐŽƉŚŝƐƚŝĐĂƚĞĚ͕�ŝƚ�ŚĂƐ�ƚŝĞƐ�ƚŽ�ŶĂƚŝŽŶĂů�ƐĞĐƵƌŝƚǇ͕�ĞƐƉŝŽŶĂŐĞ�ĂŶĚ�
ŽƚŚĞƌ�ŵŝůŝƚĂƌǇͲƚǇƉĞ�ĂƉƉůŝĐĂƚŝŽŶƐ͘



PDW���DSU��FODVV�QRWHERRN

�

$SULO���������

$SU����������$0

6,03/(�,5/�&,3+(5�

$SU����������30

�ƌĞĂƚĞ�Ă�WƌŝŵĞ��ŝƉŚĞƌ͗

ϭ͘��ĞƚĞƌŵŝŶĞ�ƚŚĞ�ĨŝƌƐƚ�Ϯϲ�ƉƌŝŵĞƐ͘�;^ŝĞǀĞ�ŽĨ��ƌĂƐƚŽƚŚĞŶĞƐ�ĂŶǇŽŶĞ͍Ϳ

Ϯ͘�DĂƚĐŚ�ĞĂĐŚ�ůĞƚƚĞƌƐ�ƐĞƋƵĞŶĐĞ�ŝŶ�ƚŚĞ�ĂůƉŚĂďĞƚ�;�сϯͿ�ǁŝƚŚ�ŝƚƐ�ĐŽƌƌĞƐƉŽŶĚŝŶŐ�
ƉƌŝŵĞ͘�;�сϱͿ

ϯ͘��ĞĐƌǇƉƚ�ƚŚĞ�ĨŽůůŽǁŝŶŐ�ŵĞƐƐĂŐĞƐ�ƵƐŝŶŐ�ƚŚĞ�ƉƌŝŵĞ�ĐŝƉŚĞƌ͗��
ϰϭ͘Ϯ͘ϳϭ͘ϭϵ��Ϯϯ͘ϲϳ�����ϱ͘ϰϳ͘ϰϳ͘ϯϳ������E��ϰϭ͘ϰϳ͘ϰϯ͘ϳϭ͘ϱ͘ϰϳ

ϰ͘��ŶĐƌǇƉƚ�ĂŶ�ŽƌŝŐŝŶĂů�ŵĞƐƐĂŐĞ�ƵƐŝŶŐ�ƚŚĞ�ƉƌŝŵĞ�ĐŝƉŚĞƌ�ǁŝƚŚ�ƚŚĞ�ĂŶƐǁĞƌ͘�

�>W,���d͗
����������&�'�,�/�:����<����>���D���E��K���W���Y���Z���^���d���h���s���t��y��z�����
ϭ��Ϯ�ϯ�ϰ�ϱ�ϲ�ϳ�ϴ�ϵ�ϭϬ�ϭϭ�ϭϮ�ϭϯ�ϭϰ�ϭϱ�ϭϲ�ϭϳ�ϭϴ�ϭϵ�ϮϬ�Ϯϭ�ϮϮ�Ϯϯ�Ϯϰ�Ϯϱ�Ϯϲ
&/Z^d�Ϯϲ�WZ/D�^͗
Ϯ;ϭͿ��ͮ��ϯ��ͮ��ϱ��ͮ��ϳ��ͮ��ϭϭ�;ϱͿ�ͮ��ϭϯ��ͮ��ϭϳ��ͮ��ϭϵ��ͮ��Ϯϯ��ͮ��Ϯϵ�;ϭϬͿ��ͮ��ϯϭ��ͮ��ϯϳ��ͮ��ϰϭ��ͮ��ϰϯ��ͮ��ϰϳ;ϭϱͿ��ͮ��
ϱϯ��ͮ��ϱϵ��ͮ��ϲϭ��ͮ��ϲϳ��ͮ��ϳϭ�;ϮϬͿ��ͮ��ϳϯ��ͮ��ϳϵ��ͮ��ϴϯ��ͮ��ϴϵ��ͮ��ϵϳ�;ϮϱͿ��ͮ��ϭϬϭ���
�E^t�Z^͗�
;ϭϯ͕Ϯ͕ϮϬ͕ϴͿ��;ϵ͕ϭϵͿ��;ϯ͕ϭϱ͕ϭϱ͕ϭϮͿ�с�ϰϭ͘Ϯ͘ϳϭ͘ϭϵ��Ϯϯ͘ϲϳ���ϱ͘ϰϳ͘ϰϳ͘ϯϳ��с�D�d,�/^��KK>
;ϭϯ͕ϭϱ͕ϭϰ͕ϮϬ͕ϯ͕ϭϱͿ�с�ϰϭ͘ϰϳ͘ϰϯ͘ϳϭ͘ϱ͘ϰϳсDKEd�K



http://www.slate.com/articles/health_and_science/science/2013/03/facebook_math_problem_why_pemdas_doesn_t_always_give_a_clear_answer.single.html

Page 1 of 3 09/04/2013 09:00 AM

Screenshot courtesy of Facebook

If Math Is Universal, Why Can’t It Answer a Stupid Facebook Problem?
By Tara Haelle | Posted Tuesday, March 12, 2013, at 1:04 PM
| Posted Tuesday, March 12, 2013, at 1:04 PM Slate.com

What  the Answer to That Stupid Math Problem on Facebook?Is

And why are people so riled up about it?

Perhaps you’ve seen the problem  or another forum:on Facebook

6 ÷ 2(1+2) = ?

It’s one of several  popping up on social networkssimilar math problems
recently. Perhaps you, too, thought, “Duh! That’s easy,” and then, as I did,
became embroiled in an epically long comment thread while your blood
pressure steadily rose because you could not possibly understand why the
others doing this problem could not get the  answer.right

Perhaps, if you’re a nerd like me, or you teach math as I do, you even fell
asleep thinking about this problem, baffled and frustrated about why you
were unable to convince intelligent, educated friends that your calculation of
this deceptively simple problem was accurate.

So, did you get 1 or 9? We’ll get to the “correct” answer in a moment.

But first, why do we get so riled up about these problems? People don’t usually get into fistfights at the bar over
arithmetic, but these math threads are spectacularly vitriolic. A couple of factors are at work in these math debates,
according to Robert Glenn Howard, a social psychologist at the University of Wisconsin–Madison who specializes
in Internet communication and folklore.

For one thing, the whole point of Facebook and other forums is to provide a place for discourse and debate. Yes,
there are your cousin’s new-baby pictures, and the opportunity to stalk a crush, but really, people go to social sites to
say stuff. And argue about it. “People are already primed to engage in pretty intense deliberations, and that can bleed
over into the way they play games,” Howard says.

And that’s exactly what these problems are: games. “Humans have used riddles as a form of play since ancient
times,” Howard says. “And sometimes people can get competitive and wrapped up in it.” People use puzzles to show
off their smarts, make others feel subordinate, and enjoy telling the story of the game later (as I’m doing right now).

Of course, the fervor with which some people debate basic arithmetic may be a proxy: There’s less at stake in a math
debate than a potentially friendship-ending political debate. Arguing over multiplication may even be a way to make
a subtle political point, using others’ “wrong” answers to reinforce a broader worldview, such as that the United
States has poor math education.

But why do the debates often go on so long? One reason is psychological, another mathematical.

Math is already a source of anxiety for many people, and adding an audience ups the ante. “When there’s an
audience, your performance can change,” says Sian Beilock of the University of Chicago and author of Choke: What

. Emotional stress can overtake ourthe Secrets of the Brain Reveal About Getting It Right When You Have To
limited reserves of “cognitive horsepower.” “Often people feel the most stressed when the audience is made up of
people they know. It’s very painful to fall on your face in front of your friends and family.”

So people dig in, not realizing the other reason these debates drag on—a mathematical one. We are taught to think of
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math as an absolute discipline without ambiguity. To an extent, that’s true: Two plus two is always four. But while
the math itself lacks ambiguity, the way we express that math requires a system of symbols—otherwise known as
language. Consider how often people debate grammar. Math has syntax just as language does—with the same
potential for ambiguities. And just as word-based riddles exploit the ambiguities of language, so do these math
problems.

Some of you are already insisting in your head that 6 ÷ 2(1+2) has only one right answer, but hear me out. The
problem isn’t the mathematical operations. It’s knowing what operations the author of the problem wants you to do,
and in what order. Simple, right? We use an “order of operations” rule we memorized in childhood: “Please excuse
my dear Aunt Sally,” or PEMDAS, which stands for Parentheses Exponents Multiplication Division Addition
Subtraction.  This handy acronym should settle any debate—except it doesn’t, because it’s not a rule at all. It’s a*
convention, a customary way of doing things we’ve developed only recently, and like other customs, it has evolved
over time. (And  over order of operations.)even math teachers argue

“In earlier times, the conventions didn’t seem as rigid and people were supposed to just figure it out if they were
mathematically competent,” says Judy Grabiner, a historian of mathematics at Pitzer College in Claremont, Calif.
Mathematicians generally began their written work with a list of the conventions they were using, but the rise of
mass math education and the textbook industry, as well as the subsequent development of computer programming
languages, required something more codified. That codification occurred somewhere around the turn of the last

. The first reference to PEMDAS is hard to pin down. Even a century short list of what different early algebra texts
 reveals how inconsistently the order of operations was applied.taught

So that brings us back to 6 ÷ 2(1+2). There are three ways to think about this problem—and none is incorrect. (If you
don’t believe me, plug it into a few different calculators, or even check out Google, where commenters have argued

 answer.)over Google’s calculator

One way is to interpret the obelus, or ÷ symbol, as dividing  to the left of it by  to the right of it.everything everything
Textbooks don’t typically use the symbol that way today, but . If you calculateit has been used that way historically
the problem using this convention, it’s 6 divided by (2(1+2)), which is 1. Typically, though, if the author wanted you
to interpret it that way, she would have used parentheses to indicate as much.

You can alternatively apply PEMDAS as schools do today: Simplify everything inside the parentheses first, then
exponents, then all multiplication and division from left to right in the order both operations appear, then all addition
and subtraction from left to right in the order both operations appear. (A , actually,better acronym would be PEMA
to make it clear that multiplication and division are done together, and addition and subtraction are done together.)
By that convention, 6 ÷ 2(1+2) = 6 ÷ 2 × (1+2) = 6 ÷ 2 × 3 = 3 × 3 = 9. If you were taking the ACT, SAT, or GRE
(which would probably use parentheses to eliminate confusion), this method would yield the correct answer.

But wait, you say—isn’t that 2 to the left of the parentheses  of simplifying the parentheses? After all, this ispart
what my own Facebook debate partners were arguing. In fact, the 2 is not part of the “P” in PEMDAS for
simplifying parentheses, but there is a basis for simplifying the 2(2+1) before it’s divided by 6. It’s called “implied
multiplication by juxtaposition.” We know the expression 5  means to multiply 5 and  because they are juxtaposedx x
next to one other. But should these operations be done  a division that occurs to the left of them in a problem?before
That depends on whom you’re talking to, or what calculator or programming language you’re using.

Internet rumors claim the American Mathematical Society has written “multiplication indicated by juxtaposition is
carried out before division,” but no original AMS source exists online anymore (if it ever did). Still, some early math
textbooks also taught students to do all multiplications and then all divisions, but most, such as this 1907 high-school

, this , and this , recommended performing all multiplications andalgebra textbook 1910 textbook 1912 textbook
divisions in the order they appear first, followed by additions and subtractions. (This convention makes sense as well
with the Canadian and British versions of PEMDAS, such as BEDMAS, , which all listBIDMAS, and BODMAS
division before multiplication in the acronym.) The most sensible advice, in a 1917 edition of ,Mathematical Gazette
recommended using parentheses to avoid ambiguity. (Duh!) But even noted math historian Florian Cajori wrote in A

 in 1928-29, "If an arithmetical or algebraical term contains ÷ and ×, there is atHistory of Mathematical Notations
present no agreement as to which sign shall be used first."
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If it “feels” natural to you that implied multiplication takes precedence over division (whether because it’s next to a
parentheses or not), then you would get 6 ÷ 2(1+2) = 6 ÷ (2(3)) = 6 ÷ 6 = 1. That answer would be incorrect on most
U.S. standardized tests, but you wouldn’t necessarily be wrong. (Insert rant against standardized tests here.) You
would just be in the minority about which convention you’re using.

Still unconvinced that arguing over math problems is similar to arguing over whether to use a plural or singular
 with ? Let’s return to the obelus (÷) because a brief history of division signs reveals thepronoun indefinite pronouns

ambiguity of the syntax of math. Nearly a half-dozen  have been recorded in mathematical notation.division signs
The colon was used in a 1633 text, which seems odd until you realize we still use it in ratios (2:3 is commonly the
same as 2/3 in ratios).

Even before that, a close parentheses was used in the 1540s, so that 8)24 meant 24 ÷ 8. Again, that looks odd, but we
still use it today in long division. It just looks different because we combine it with a different symbol, the lengthy 

 (--------) across the top, to group together the numbers to be divided. The vinculum is also used overvinculum
repeating decimal digits and with radicals ( is used with -------- across the top); you probably just didn’t realize the
square root sign was a mashup of two math symbols. A vinculum usually has little to do with division; it’s used in
fractions and to  just as parentheses are.group together numbers

You might expect 10 ÷ 5 is the same as 10/5 is the same as 10 over a 5 with a vinculum between them, but each has
its own eccentricities. We’ve already noted that ÷ can mean “divide the number on the left by the number on the
right” or “divide the expression on the left by the expression on the right.” But it gets really tricky when people
assume that a slash replaces a vinculum. Does  = (ab)÷(cd) or ((ab)÷c)÷d? Does  mean (a)÷(b)÷(c) orab/cd a/b/c
a÷(b/c) or (a/b)÷c? (Answer: Use some parentheses!)

The bottom line is that “order of operations” conventions are not universal truths in the same way that the sum of 2
and 2 is always 4. Conventions evolve throughout history in response to cultural and technological shifts.
Meanwhile, those ranting online about gaps in U.S. math education and about the “right” answer to these
intentionally ambiguous math problems might be, ironically, missing a bigger point.

“To my mind,” says Grabiner, “the major deficit in U.S. math education is that people think math is about
calculation and formulas and getting the one right answer, rather than being about exciting ideas that cut across all
sorts of intellectual categories, clear and logical thinking, the power of abstraction and a language that lets you solve
problems you’ve never seen before.” Even if that language, like any other, can be a bit ambiguous sometimes.

: This article originally misstated the mnemonic for the PEMDAS order of operationsCorrection, March 12, 2013
rule. It's "excuse," not "forgive." (  to the corrected sentence.)Return

MySlate is a new tool that lets you track your favorite parts of Slate. You can follow authors and
sections, track comment threads you're interested in, and more.

http://www.slate.com/articles/health_and_science/science/2013/03/facebook_math_problem_why_pemdas_doesn_t_always_give_a_clear_answer.single.html
http://www.crossmyt.com/hc/linghebr/austheir.html
http://www.crossmyt.com/hc/linghebr/austheir.html
http://en.wikipedia.org/wiki/Singular_they
http://jeff560.tripod.com/operation.html
http://mathworld.wolfram.com/Vinculum.html
http://jeff560.tripod.com/grouping.html
http://mathforum.org/library/drmath/view/54341.html
http://mathforum.org/library/drmath/view/57021.html
http://www.slate.com/articles/health_and_science/science/2013/03/facebook_math_problem_why_pemdas_doesn_t_always_give_a_clear_answer.single.html#return


Mathematics & Intuition: Sometimes Strange 
Bedfellows  
June 07, 2012 | Author: Jeff Zilahy |  

Our intuition and our ability to discern what is going on around us is a key component of being human. We 
really need to be able to calculate the chances of events in our given environment. This is a fundamental 
skill that has prevented us from being eaten by lions (at least most of us!) and in turn effectively propagate 
our species over time. So in a sense, one of the integral ingredients of humanity is being adept at constantly 
analyzing questions related to probability. 

Generally speaking, probability is the branch of mathematics that 
deals with chance. Probability and science are inextricably linked, as 
developments in our understanding of probability helped to write the 
laws of science over the last three centuries. This in turn greatly 
impacted fields like biology, physics, and psychology. In the 
business world, people who work in probability are often known as 
actuaries, where they analyze risk, thus forming the bedrock of the 
insurance industry. The chance of thunderstorms, the chance of 
getting a perfect score on a test, the chance of surviving any 
situation, much of our lives stem from our ability to have a sense of 
the odds of any given situation. Therefore, when we encounter 
situations in which the probability appears obvious but is not readily 
apparent, it can be a bit jarring and even cause disbelief, at least until a careful explanation is made. One 
elementary example is called the "Two children problem". The problem has several variations but is 
generally stated as the following. 

Two children problem 

Mr. Smith has two children. At least one of them is a boy. What is the probability that both children are 
boys? Take a moment and think about your answer. Did you say 1/2? If you did, you are most 
certainly...not quite correct! No, in fact, the generally accepted answer is the seemingly bizarre 1/3. Before 
exclaiming this result as incorrect, consider the answer will likely make more sense when we examine the 
possible scenarios that can occur for Mr. Smith's children. He could have a boy, then a girl, or he could 
have a girl, then a boy, or a boy and then a boy or a girl and then a girl. These are the four possible 
outcomes for Mr. Smith, or anyone else that has two children. Now, given our original question, we know 
that with our available options (e.g. BB, BG, GB and GG), the girl and girl scenario can be ruled out since 
we know there is at least one boy. That leaves three possible scenarios for Mr. Smith: boy then a boy, or 
boy then a girl, or girl then a boy. We want to know the probability that they are both boys, and since there 
is only one such scenario, we now know that there is a one out of three chance that they are both boys. Are 
you still surprised? Now, granted, there is some controversy surrounding this problem as it pertains to the 
subjective nature inherent in the interpretation of the question. However, the important point to make here 
is the realization that our intuition does not always guide us to the correct answer. Now, I would be remiss 
if I didn't leave you with a final quandary to ponder. As a sort of exercise left for the reader, try to figure 
out the answer to the following variation to the Two Children problem. I have two children, one of whom is 
a son born on a Tuesday. What is the probability that I have two boys? Did you say 13/27? That is what I 
thought! 
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  Period____Date________________Points in the Coordinate Plane

Plot each point.

1)  

  

J

 

(5, 10)

  

G

 

(−6, 8)

  

D

 

(−8, −4)

  

A

 

(−8, −1)

     

  

I

 

(1, 9)

  

F

 

(9, 0)

  

C

 

(5, 0)

     

  

H

 

(6, −9)

  

E

 

(−6, 0)

  

B

 

(−1, −1)

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10

2)  

  

A

 

(7, 10)

  

D

 

(−6, −6)

  

G

 

(−3, −4)

  

J

 

(7, −9)

     

  

B

 

(0, 4)

  

E

 

(10, 0)

  

H

 

(−4, −9)

     

  

C

 

(−1, 10)

  

F

 

(9, 7)

  

I

 

(4, 1)

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10

State the coordinates of each point.

3)  

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10

A

B

C

D

E
F

G

H

I

J

-1-
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4)  

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10

E

F

G

H

I

J

K

L

M

N

State the quadrant or axis that each point lies in.

5)  

  

L

 

(−2, 1)     

  

K

 

(−3, −2)     

  

J

 

(3, 1) 6)  

  

T

 

(−3, 5)     

  

U

 

(1, 0)     

  

V

 

(−5, 5)

7)  

  

S

 

(5, −7)     

  

T

 

(7, 2)     

  

U

 

(−5, 4) 8)  

  

R

 

(7, 0)     

  

Q

 

(8, −1)     

  

P

 

(3, 0)

Critical thinking questions:

9)  State the coordinates of the endpoints of a

line segment that intersects the 

  

y

 

-axis.

10)  State the coordinates of the endpoints of a
line segment that is not parallel to either
axis, and does not intersect either axis.

-2-
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  Period____Date________________Points in the Coordinate Plane

Plot each point.

1)  

  

J

 

(5, 10)

  

G

 

(−6, 8)

  

D

 

(−8, −4)

  

A

 

(−8, −1)

     

  

I

 

(1, 9)

  

F

 

(9, 0)

  

C

 

(5, 0)

     

  

H

 

(6, −9)

  

E

 

(−6, 0)

  

B

 

(−1, −1)

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10
J

I

H

G

FE

D

C

BA

2)  

  

A

 

(7, 10)

  

D

 

(−6, −6)

  

G

 

(−3, −4)

  

J

 

(7, −9)

     

  

B

 

(0, 4)

  

E

 

(10, 0)

  

H

 

(−4, −9)

     

  

C

 

(−1, 10)

  

F

 

(9, 7)

  

I

 

(4, 1)

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10
A

B

C

D

E

F

G

H

I

J

State the coordinates of each point.

3)  

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10

A

B

C

D

E
F

G

H

I

J

  

A

 

(−10, 2)

  

D

 

(−8, −8)

  

G

 

(−7, 8)

  

J

 

(−7, −5)

     

  

B

 

(6, 10)

  

E

 

(1, −5)

  

H

 

(2, 5)

     

  

C

 

(−8, −3)

  

F

 

(2, −4)

  

I

 

(8, −2)

-1-
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4)  

x

y

−10 −8 −6 −4 −2 2 4 6 8 10

−10

−8

−6

−4

−2

2

4

6

8

10

E

F

G

H

I

J

K

L

M

N

  

E

 

(5, −9)

  

H

 

(0, 0)

  

K

 

(−7, 2)

  

N

 

(−3, −8)

     

  

F

 

(5, −4)

  

I

 

(3, 4)

  

L

 

(−7, −7)

     

  

G

 

(10, 4)

  

J

 

(−3, −10)

  

M

 

(10, 2)

State the quadrant or axis that each point lies in.

5)  

  

L

 

(−2, 1)     

  

K

 

(−3, −2)     

  

J

 

(3, 1)

  

L

 

: II   

  

K

 

: III   

  

J

 

: I

6)  

  

T

 

(−3, 5)     

  

U

 

(1, 0)     

  

V

 

(−5, 5)

  

T

 

: II   

  

U

 

: x-axis   

  

V

 

: II

7)  

  

S

 

(5, −7)     

  

T

 

(7, 2)     

  

U

 

(−5, 4)

  

S

 

: IV   

  

T

 

: I   

  

U

 

: II

8)  

  

R

 

(7, 0)     

  

Q

 

(8, −1)     

  

P

 

(3, 0)

  

R

 

: x-axis   

  

Q

 

: IV   

  

P

 

: x-axis

Critical thinking questions:

9)  State the coordinates of the endpoints of a

line segment that intersects the 

  

y

 

-axis.

Many answers.  Ex: (2, 2), (−2, 2)

10)  State the coordinates of the endpoints of a
line segment that is not parallel to either
axis, and does not intersect either axis.

Many answers.  Ex: (2, 2), (3, 3)

-2-
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  Period____Date________________Parallel Lines in the Coordinate Plane
Find the slope of each line.

1)  

x

y
2)  

x

y

3)  

x

y
4)  

x

y

5)  

x

y
6)  

x

y

7)  

� 

y� �

�  

�
�
�

� 

x����
8)  

� 

y� �

� 

�

� 

x����

9)  

� 

x� ���
10)  

� 

y� �

�  

�
�

� 

x����

-1-
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11)  

� 

y� �

�  

�
�
�

� 

x���� 12)  

� 

y� �

�  

�
�
�

� 

x����

Write the slope-intercept form of the equation of each line given the slope and y-intercept.

13)  Slope = ��,   y-intercept = ��
14)  Slope = 

 

�
�

,   y-intercept = ��

15)  Slope = ��,   y-intercept = �
16)  Slope = 

 

�
�

,   y-intercept = �

17)  Slope = �,   y-intercept = �
18)  Slope = 

 

�
�
�

,   y-intercept = �

Find the slope of a line parallel to each given line.

19)  

� 

y� �

� 

�

� 

x���� 20)  

� 

y� �

� 

�

� 

x����

21)  

� 

y� �

�  

�
�

� 

x���� 22)  

� 

y� �

�  

�
�
�

� 

x����

23)  

� 

y� �

� 

�

� 

x���� 24)  

� 

y� �

� 

��

� 

x����

Critical thinking questions:

25)  Fill in the blank so that the lines are not
parallel:
 
Line A goes through    Line B goes through
---------------------   --------------------
 (�, �) and (��, �)       (�, �) and (�, 

� 

BB)

26)  Write the equations of five lines that are

parallel to 

� 

y� �

� � 

x
�
����

-2-
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  Period____Date________________Parallel Lines in the Coordinate Plane
Find the slope of each line.

1)  

x

y

 

�
�
�

2)  

x

y

�

3)  

x

y

��

4)  

x

y

Undefined

5)  

x

y

�

6)  

x

y

�

7)  

� 

y� �

�  

�
�
�

� 

x����

 

�
�
�

8)  

� 

y� �

� 

�

� 

x����

�

9)  

� 

x� ���

Undefined
10)  

� 

y� �

�  

�
�

� 

x����

 

�
�

-1-
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11)  

� 

y� �

�  

�
�
�

� 

x����

 

�
�
�

12)  

� 

y� �

�  

�
�
�

� 

x����

 

�
�
�

Write the slope-intercept form of the equation of each line given the slope and y-intercept.

13)  Slope = ��,   y-intercept = ��

� 

y� �

� 

��

� 

x����
14)  Slope = 

 

�
�

,   y-intercept = ��

� 

y� �

�  

�
�

� 

x����

15)  Slope = ��,   y-intercept = �

� 

y� �

� 

�

� 

x����
16)  Slope = 

 

�
�

,   y-intercept = �

� 

y� �

�  

�
�

� 

x����

17)  Slope = �,   y-intercept = �

� 

y� �

 

�

� 

x
18)  Slope = 

 

�
�
�

,   y-intercept = �

� 

y� �

�  

�
�
�

� 

x����

Find the slope of a line parallel to each given line.

19)  

� 

y� �

� 

�

� 

x����

�

20)  

� 

y� �

� 

�

� 

x����

�

21)  

� 

y� �

�  

�
�

� 

x����

 

�
�

22)  

� 

y� �

�  

�
�
�

� 

x����

 

�
�
�

23)  

� 

y� �

� 

�

� 

x����

��

24)  

� 

y� �

� 

��

� 

x����

��

Critical thinking questions:

25)  Fill in the blank so that the lines are not
parallel:
 
Line A goes through    Line B goes through
---------------------   --------------------
 (�, �) and (��, �)       (�, �) and (�, 

� 

BB)
Anything but ��

26)  Write the equations of five lines that are

parallel to 

� 

y� �

� � 

x
�
����

Many answers.  Ex: 

� 

y� �

� � 

x
�
����

-2-
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  Period____Date________________Graphing Lines
Sketch the graph of each line.

1)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

2)  

� 

y� �

� 

��

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

3)  

� 

y� ���

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

4)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

5)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

6)  

� 

x� ��

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

-1-
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7)  

� 

y� �

  

�
�

� 

x

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

8)  

� 

x� ��

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

9)  

� 

y� �

�  

�
�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

10)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

11)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

12)  

� 

y� �

� 

�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�
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  Period____Date________________Graphing Lines
Sketch the graph of each line.

1)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

2)  

� 

y� �

� 

��

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

3)  

� 

y� ���

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

4)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

5)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

6)  

� 

x� ��

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�
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7)  

� 

y� �

  

�
�

� 

x

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

8)  

� 

x� ��

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

9)  

� 

y� �

�  

�
�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

10)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

11)  

� 

y� �

�  

�
�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�

12)  

� 

y� �

� 

�

� 

x����

x

y

�� �� �� �� �� �� � � � � � �

��

��

��

��

��

��

�

�

�

�

�

�
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  Period____Date________________The Distance Formula

Find the distance between each pair of points.

1)  

x

y
2)  

x

y

3)  

x

y
4)  

x

y

5)  (−1, 2),  (2, −4) 6)  (4, 3),  (−3, 4)

7)  (0, 4),  (2, 3) 8)  (4, 0),  (−4, 1)

9)  (12, 12),  (−3, 1) 10)  (1, −9),  (6, −6)

11)  (5, −10),  (−5, 4) 12)  (5, 5),  (−6, −4)
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  Period____Date________________The Distance Formula

Find the distance between each pair of points.

1)  

x

y

9.433

2)  

x

y

6

3)  

x

y

4.472

4)  

x

y

10.295

5)  (−1, 2),  (2, −4)

6.708

6)  (4, 3),  (−3, 4)

7.071

7)  (0, 4),  (2, 3)

2.236

8)  (4, 0),  (−4, 1)

8.062

9)  (12, 12),  (−3, 1)

18.601

10)  (1, −9),  (6, −6)

5.83

11)  (5, −10),  (−5, 4)

17.204

12)  (5, 5),  (−6, −4)

14.212

Create your own worksheets like this one with Infinite Pre-Algebra.  Free trial available at KutaSoftware.com
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  Period____Date________________The Midpoint Formula

Find the midpoint of each line segment.

1)  

x

y
2)  

x

y

3)  

x

y
4)  

x

y

Find the midpoint of the line segment with the given endpoints.

5)  (6, 1),  (−2, 5) 6)  (4, 3),  (−1, 6)

7)  (−5, 4),  (−6, 3) 8)  (4, −3),  (5, 5)

9)  (11, −10),  (−3, 9) 10)  (8, 2),  (9, 8)

11)  (5, 1),  (−4, −12) 12)  (−8, −9),  (7, 7)

13)  (−9, 8),  (0, −11) 14)  (10, 9),  (0, −10)
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  Period____Date________________The Midpoint Formula

Find the midpoint of each line segment.

1)  

x

y

(−3, 1)

2)  

x

y

(0, 3)

3)  

x

y (2

  

1

2
, 1

  

1

2 ) 4)  

x

y (2, −3

  

1

2 )

Find the midpoint of the line segment with the given endpoints.

5)  (6, 1),  (−2, 5)

(2, 3)

6)  (4, 3),  (−1, 6)

(1.5, 4.5)

7)  (−5, 4),  (−6, 3)

(−5.5, 3.5)

8)  (4, −3),  (5, 5)

(4.5, 1)

9)  (11, −10),  (−3, 9)

(4, −0.5)

10)  (8, 2),  (9, 8)

(8.5, 5)

11)  (5, 1),  (−4, −12)

(0.5, −5.5)

12)  (−8, −9),  (7, 7)

(−0.5, −1)

13)  (−9, 8),  (0, −11)

(−4.5, −1.5)

14)  (10, 9),  (0, −10)

(5, −0.5)

Create your own worksheets like this one with Infinite Pre-Algebra.  Free trial available at KutaSoftware.com
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  Period____Date________________Descartes' Rule of Signs

State the possible number of positive and negative zeros for each function.

1)  

  

f

 

(

  

x

 

) = 

 

3

  

x

 

4
 + 20

  

x

 

2
 − 32 2)  

  

f

 

(

  

x

 

) = 

 

5

  

x

 

4
 − 42

  

x

 

2
 + 49

3)  

  

f

 

(

  

x

 

) = 

 

4

  

x

 

3
 − 12

  

x

 

2
 − 5

  

x

 

 + 1 4)  

  

f

 

(

  

x

 

) = 

 

2

  

x

 

4
 − 3

  

x

 

3
 + 

  

x

 

5)  

  

f

 

(

  

x

 

) = 

 

2

  

x

 

4
 + 3

  

x

 

2
 − 54 6)  

  

f

 

(

  

x

 

) = 

   

x

 

6
 − 64

7)  

  

f

 

(

  

x

 

) = 

 

9

  

x

 

6
 − 3

  

x

 

5
 + 33

  

x

 

4
 − 11

  

x

 

3
 + 18

  

x

 

2
 − 6

  

x

 

8)  

  

f

 

(

  

x

 

) = 

 

64

  

x

 

6
 − 1

9)  

  

f

 

(

  

x

 

) = 

 

2

  

x

 

5
 + 4

  

x

 

4
 + 9

  

x

 

3
 + 18

  

x

 

2
 − 35

  

x

 

 − 70

10)  

  

f

 

(

  

x

 

) = 

 

6

  

x

 

5
 − 4

  

x

 

4
 − 63

  

x

 

3
 + 42

  

x

 

2
 + 147

  

x

 

 − 98

-1-



©b B260y1Y1j kKnuktMaP WSVoSfmtGwKa8rAet 8LQLKCT.Y M RAZlblp zrvizgUhltDsU rrDeHsUexrHvieldQ.4 s OMlaWdOe1 DwHixtQhR RIpnnfBiHnTi9tqeo gAKlSgDeEbjrIaL j2X.M Worksheet by Kuta Software LLC

11)  

  

f

 

(

  

x

 

) = 

 

16

  

x

 

6
 − 32

  

x

 

4
 − 25

  

x

 

2
 + 50 12)  

  

f

 

(

  

x

 

) = 

   

x

 

7
 − 64

  

x

 

13)  

  

f

 

(

  

x

 

) = 

   

x

 

6
 − 64 14)  

  

f

 

(

  

x

 

) = 

 

8

  

x

 

6
 + 9

  

x

 

3
 + 1

15)  

  

f

 

(

  

x

 

) = 

 

27

  

x

 

6
 + 26

  

x

 

3
 − 1 16)  

  

f

 

(

  

x

 

) = 

 

27

  

x

 

9
 − 

  

x

 

6
 − 27

  

x

 

3
 + 1

17)  

  

f

 

(

  

x

 

) = 

 

16

  

x

 

8
 − 73

  

x

 

4
 + 36 18)  

  

f

 

(

  

x

 

) = 

 

9

  

x

 

8
 − 106

  

x

 

4
 + 225

19)  

  

f

 

(

  

x

 

) = 

   

x

 

6
 − 64 20)  

  

f

 

(

  

x

 

) = 

 

16

  

x

 

8
 − 153

  

x

 

4
 + 81

Critical thinking questions:

21)  Write a polynomial function that has 0 possible positive real

zeros and 5, 3, or 1 possible negative real zero.

-2-
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  Period____Date________________Descartes' Rule of Signs

State the possible number of positive and negative zeros for each function.

1)  

  

f

 

(

  

x

 

) = 

 

3

  

x

 

4
 + 20

  

x

 

2
 − 32

Possible # positive real zeros: 1
Possible # negative real zeros: 1

2)  

  

f

 

(

  

x

 

) = 

 

5

  

x

 

4
 − 42

  

x

 

2
 + 49

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 2 or 0

3)  

  

f

 

(

  

x

 

) = 

 

4

  

x

 

3
 − 12

  

x

 

2
 − 5

  

x

 

 + 1

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 1

4)  

  

f

 

(

  

x

 

) = 

 

2

  

x

 

4
 − 3

  

x

 

3
 + 

  

x

 

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 1

5)  

  

f

 

(

  

x

 

) = 

 

2

  

x

 

4
 + 3

  

x

 

2
 − 54

Possible # positive real zeros: 1
Possible # negative real zeros: 1

6)  

  

f

 

(

  

x

 

) = 

   

x

 

6
 − 64

Possible # positive real zeros: 1
Possible # negative real zeros: 1

7)  

  

f

 

(

  

x

 

) = 

 

9

  

x

 

6
 − 3

  

x

 

5
 + 33

  

x

 

4
 − 11

  

x

 

3
 + 18

  

x

 

2
 − 6

  

x

 

Possible # positive real zeros: 5, 3, or 1
Possible # negative real zeros: 0

8)  

  

f

 

(

  

x

 

) = 

 

64

  

x

 

6
 − 1

Possible # positive real zeros: 1
Possible # negative real zeros: 1

9)  

  

f

 

(

  

x

 

) = 

 

2

  

x

 

5
 + 4

  

x

 

4
 + 9

  

x

 

3
 + 18

  

x

 

2
 − 35

  

x

 

 − 70

Possible # positive real zeros: 1
Possible # negative real zeros: 4, 2, or 0

10)  

  

f

 

(

  

x

 

) = 

 

6

  

x

 

5
 − 4

  

x

 

4
 − 63

  

x

 

3
 + 42

  

x

 

2
 + 147

  

x

 

 − 98

Possible # positive real zeros: 3 or 1
Possible # negative real zeros: 2 or 0

-1-
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11)  

  

f

 

(

  

x

 

) = 

 

16

  

x

 

6
 − 32

  

x

 

4
 − 25

  

x

 

2
 + 50

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 2 or 0

12)  

  

f

 

(

  

x

 

) = 

   

x

 

7
 − 64

  

x

 

Possible # positive real zeros: 1
Possible # negative real zeros: 1

13)  

  

f

 

(

  

x

 

) = 

   

x

 

6
 − 64

Possible # positive real zeros: 1
Possible # negative real zeros: 1

14)  

  

f

 

(

  

x

 

) = 

 

8

  

x

 

6
 + 9

  

x

 

3
 + 1

Possible # positive real zeros: 0
Possible # negative real zeros: 2 or 0

15)  

  

f

 

(

  

x

 

) = 

 

27

  

x

 

6
 + 26

  

x

 

3
 − 1

Possible # positive real zeros: 1
Possible # negative real zeros: 1

16)  

  

f

 

(

  

x

 

) = 

 

27

  

x

 

9
 − 

  

x

 

6
 − 27

  

x

 

3
 + 1

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 1

17)  

  

f

 

(

  

x

 

) = 

 

16

  

x

 

8
 − 73

  

x

 

4
 + 36

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 2 or 0

18)  

  

f

 

(

  

x

 

) = 

 

9

  

x

 

8
 − 106

  

x

 

4
 + 225

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 2 or 0

19)  

  

f

 

(

  

x

 

) = 

   

x

 

6
 − 64

Possible # positive real zeros: 1
Possible # negative real zeros: 1

20)  

  

f

 

(

  

x

 

) = 

 

16

  

x

 

8
 − 153

  

x

 

4
 + 81

Possible # positive real zeros: 2 or 0
Possible # negative real zeros: 2 or 0

Critical thinking questions:

21)  Write a polynomial function that has 0 possible positive real

zeros and 5, 3, or 1 possible negative real zero.

Many answers.  Ex. 

  

f

 

(

  

x

 

) = 

   

x

 

5
 + 

  

x

 

4
 + 

  

x

 

3
 + 

  

x

 

2
 + 

  

x

 

 + 1

-2-
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7UDQVODWLRQ��ZH�DUH�DEOH�WR�ILQG�ZKHUH�WKH�
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QDWXUH�RI�WKH�IXQFWLRQ�

I�[�� �[A����[A�����[A�����[A����[����

523(�$5281'�7+(�($57+�38==/(�������
,PDJLQH�D�URSH�WLJKWO\�HQFLUFOLQJ�DURXQG�D�
EDVNHWEDOO��+RZ�PXFK�ORQJHU�ZRXOG�WKH�URSH�KDYH�
WR�EH�WR�EH���IRRW�IURP�WKH�VXUIDFH�RI�WKH�EDVNHWEDOO�
DW�DOO�SRLQWV"�1RZ�WKLQN�DERXW�D�URSH�WLJKWO\�
HQFLUFOLQJ�WKH�(DUWK�DW�LWV�ZLGHVW�SRLQW��HTXDWRU���
7KLV�ZRXOG�EH�D�URSH�DERXW��������PLOHV�ORQJ��

48(67,21��+RZ�PXFK�H[WUD�URSH�ZRXOG�\RX�
QHHG�IRU�LW�WR�EH�RQH�IRRW�IURP�WKH�VXUIDFH�RI�HDUWK�DW�
DOO�SRLQWV"�

+,17��:KDW�LV�WKH�IRUPXOD�IRU�WKH�FLUFXPIHUHQFH�RI�D�VSKHUH"�& ���U

+,17���:KDW�LV�WKH�YDOXH�IRU�RXU�QHZ�U�LQ�WKLV�SUREOHP"������U

$16��7KH�DQVZHU�LV�WKH�VDPH�IRU�ERWK�WKH�EDVNHWEDOO�DQG�HDUWK��WKH�VKRFNLQJO\�
VPDOO������RU�DSSUR[LPDWHO\������IHHW�IRU�ERWK��&RQVLGHU��LI�U�LV�WKH�UDGLXV�RI�WKH�
(DUWK��RU�EDVNHWEDOO���WKHQ�����U�LV�WKH�UDGLXV�LQ�IHHW�RI�WKH�HQODUJHG�FLUFOH��
7KHUHIRUH��ZH�FDQ�FRPSDUH�WKH�URSH�FLUFXPIHUHQFH�EHIRUH����U��DQG�DIWHU�������
��U����7KH�GLIIHUHQFH�LV�����ZKHQ�\RX�GLVWULEXWH�
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3DVFDO
V�7ULDQJOH�������

3DVFDO
V�7ULDQJOH�LV�D�WULDQJOH�VKDSHG�DUUD\�RI�
QXPEHUV��QDPHG�DIWHU�%ODLVH�3DVFDO��D�
IDPRXV�)UHQFK�0DWKHPDWLFLDQ�DQG�
3KLORVRSKHU�

7KHUH�DUH�PDQ\�SDWWHUQV�WKDW�HPHUJH�IURP�
3DVFDO
V�WULDQJOH��JHRPHWULF�SDWWHUQV��LQWHJHU�
SDWWHUQV��SHUIHFW�VTXDUH�SDWWHUQV��:H�FDQ�
HYHQ�ILQG�WKH�)LERQDFFL�VHTXHQFH�DQG�ZH�FDQ�
FUHDWH�IUDFWDO�SDWWHUQV�LI�ZH�UHSODFH�WKH�
QXPEHUV�E\�GRWV�DQG�JDSV��

/HW
V�QRZ�ORRN�DW�KRZ�WR�FRQVWUXFW�RQH�

%8,/',1*�3$6&$/
6

���7R�EXLOG�WKH�WULDQJOH��VWDUW�ZLWK�����DW�WKH�WRS��WKHQ�FRQWLQXH�SODFLQJ�QXPEHUV�EHORZ�LW�LQ�
D�WULDQJXODU�SDWWHUQ�

���(DFK�QXPEHU�LV�MXVW�WKH�WZR�QXPEHUV�DERYH�LW�DGGHG�WRJHWKHU��H[FHSW�IRU�WKH�HGJHV��
ZKLFK�DUH�DOO������

���<RX�VWDUW�RXW�ZLWK�WKH�WRS�WZR�URZV�����DQG������

���7KHQ�WR�FRQVWUXFW�HDFK�HQWU\�LQ�WKH�QH[W�URZ��\RX�ORRN�DW�WKH�WZR�HQWULHV�DERYH�LW��L�H��
WKH�RQH�DERYH�LW�DQG�WR�WKH�ULJKW��DQG�WKH�RQH�DERYH�LW�DQG�WR�WKH�OHIW���$W�WKH�EHJLQQLQJ�DQG�
WKH�HQG�RI�HDFK�URZ��ZKHQ�WKHUH
V�RQO\�RQH�QXPEHU�DERYH��SXW�D����

���<RX�PLJKW�HYHQ�WKLQN�RI�WKLV�UXOH��IRU�SODFLQJ�WKH��
V��DV�LQFOXGHG�LQ�WKH�ILUVW�UXOH��IRU�
LQVWDQFH��WR�JHW�WKH�ILUVW���LQ�DQ\�OLQH��\RX�DGG�XS�WKH�QXPEHU�DERYH�DQG�WR�WKH�OHIW��VLQFH�
WKHUH�LV�QR�QXPEHU�WKHUH��SUHWHQG�LW
V�]HUR��DQG�WKH�QXPEHU�DERYH�DQG�WR�WKH�ULJKW������DQG�
JHW�D�VXP�RI���

���:ULWH�DW�OHDVW���URZV�RI�WKH�WULDQJOH��



PDW���DSU��FODVV�QRWHERRN $SULO���������

3$6&$/
6�75,$1*/(�48(67,216�

���:KDW�QXPEHUV�PDNH�XS�WKH�ILUVW�GLDJRQDO"

���:KDW�QXPEHUV�PDNH�XS�WKH�VHFRQG�GLDJRQDO"

���,I�\RX�FRQVLGHU�D�QXPEHU�LQ�WKH�VHFRQG�GLDJRQDO��DQG�FRPSDUH�LW�ZLWK�
WKH�VXP�RI�WKH�QXPEHU�WR�WKH�ULJKW�DQG�EHORZ�LW��ZKDW�UHODWLRQVKLS�
HPHUJHV"

���:KDW�GR�\RX�QRWLFH�DERXW�WKH�KRUL]RQWDO�VXPV"�

���,I�\RX�FRQVLGHU�HDFK�URZ�DV�D�VLQJOH�QXPEHU�WKHQ�URZ �[URZ�QXPEHU��:KDW�
LV�["�

���,I�\RX�GUDZ�D�OLQH�GRZQ�WKH�FHQWHU�RI�WKH�WULDQJOH��ZKDW�FDQ�\RX�VD\�
DERXW�WKH�WZR�VLGHV"
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2QH�LGHD�LQ�PDWK�LV�KRZ�PDQ\�ZD\V�ZH�FDQ�
FKRRVH�GLVWLQFW�LWHPV�IURP�D�ODUJHU�JURXS��

:H�FDOO�WKH�QXPEHU�RI�ZD\V�WR�VHOHFW��N��
REMHFWV�IURP��Q��WRWDO�REMHFWV�LV�FDOOHG�D�
FRPELQDWLRQ��

7KH�IRUPXOD�IRU�FDOFXODWLQJ�D�FRPELQDWLRQ�LV�
JLYHQ�E\��

75<��,Q�KRZ�PDQ\�ZD\V�FDQ�ZH�PDNH�D�JURXS�RI���VWXGHQWV�RXW�RI�WKH�
���WRWDO�VWXGHQWV�LQ�WKLV�FRXUVH"�

$16�����&��� �����ZD\V�WR�PDNH�D�JURXS�RI���VWXGHQWV��

:HOO��DQRWKHU�FRRO�IHDWXUH�RI�3DVFDO
V�7ULDQJOH�LV�LW�DOORZV�XV�WR�ILQG�WKH�
DQVZHU�WR�DQ\�FRPELQDWLRQ�SUREOHP�OLNH�DERYH��

+2:"
:H�FRQVLGHU�HDFK�URZ�WR�FRUUHVSRQG�WR�RXU�1�YDOXH�DQG�RXU�.�YDOXH�WR�
FRUUHVSRQG�WR�RXU�SODFH�LQ�WKH�URZ��127(��7KH�ILUVW�URZ ��DQG�WKH�ILUVW�
SODFH�LQ�DQ\�URZ ���

75<��:KDW�ZRXOG�WKH���LQ�3DVFDO
V�7ULDQJOH�UHSUHVHQW�LI�H[SUHVVHG�DV�D�
FRPELQDWLRQ"�8VH�WKH�FRPELQDWLRQ�QRWDWLRQ��
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48(67,21��
7KHUH�DUH�IRXUWHHQ�MXQLRUV�DQG�WZHQW\�WKUHH�VHQLRUV�LQ�WKH�6HUYLFH�&OXE���7KH�FOXE�LV�WR�
VHQG�IRXU�UHSUHVHQWDWLYHV�WR�WKH�6WDWH�&RQIHUHQFH��+RZ�PDQ\�GLIIHUHQW�ZD\V�DUH�WKHUH�WR�
VHOHFW�D�JURXS�RI�IRXU�VWXGHQWV�WR�DWWHQG�WKH�FRQIHUHQFH"�

$16�����MXQLRUV�����VHQLRUV�����VWXGHQWV�WRWDO

������������������

48(67,21�
(OHYHQ�VWXGHQWV�SXW�WKHLU�QDPHV�RQ�VOLSV�RI�SDSHU�LQVLGH�D�ER[��7KUHH�QDPHV�DUH�JRLQJ�WR�
EH�WDNHQ�RXW��+RZ�PDQ\�GLIIHUHQW�ZD\V�FDQ�WKH�WKUHH�QDPHV�EH�FKRVHQ"�

$16����F�� ����
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�7R�PRVW�RXWVLGHUV��PRGHUQ�PDWKHPDWLFV�LV�
XQNQRZQ�WHUULWRU\��

,WV�ERUGHUV�DUH�SURWHFWHG�E\�GHQVH�WKLFNHWV�RI�
WHFKQLFDO�WHUPV��LWV�ODQGVFDSHV�DUH�D�PDVV�RI�

LQGHFLSKHUDEOH�HTXDWLRQV�DQG�LQFRPSUHKHQVLEOH�
FRQFHSWV��

)HZ�UHDOL]H�WKDW�WKH�ZRUOG�RI�PRGHUQ�PDWKHPDWLFV�
LV�ULFK�ZLWK�YLYLG�LPDJHV�DQG�SURYRFDWLYH�LGHDV���

a,YDUV�3HWHUVRQ

:$50�83�

���,Q�3DVFDO
V�7ULDQJOH��LI�D�URZ�UHSUHVHQWV�D�QXPEHU��ZKDW�
LV�WKH�QXPEHU�LQ�URZ��"�5RZ��"

���,I�\RX�KDYH�WKUHH�GLVWLQFW�REMHFWV��KRZ�PDQ\�ZD\V�FDQ�ZH�
SLFN���REMHFWV"���REMHFW"���REMHFWV"

���8VLQJ�\RXU�FDOFXODWRU��ZKDW�LV���F�"

���
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9LVXDO�)XQ�IRU�WKH�'D\�
+RZ�PDQ\�)
V�GRHV�WKH�IROORZLQJ�SDVVDJH�FRQWDLQ"

)LQLVKHG�ILOHV�DUH�WKH�UHVXOW�RI�\HDUV�RI�VFLHQWLILF�VWXG\�FRPELQHG�
ZLWK�WKH�H[SHULHQFH�RI�\HDUV���

����/DUJH�KHDG�RI�D�PDQ�LQ�WKH�FHQWUH�ORRNLQJ�
WR�WKH�OHIW��ZLWK�ZKLWH�KDLU�DQG�EHDUG�
����0DQ�LQ�WKH�FHQWUH�OHIW�FDUU\LQJ�D�ZDONLQJ�
VWLFN��ZKRVH�KHDG�LV�WKH�H\H�RI����
����/DG\�EHVLGH����KROGLQJ�D�EDE\�
����%DE\�LQ���
V�DUPV�
����3URILOH�RI�ZRPDQ
V�KHDG�DERYH�ULJKW�KDQG�
FROXPQ�
����0LUURU�LPDJH�RI����DERYH�WKH�OHIW�
FROXPQ�
����$QRWKHU�IDFH�LQ�SURILOH�RQ�WKH�RSSRVLWH�
VLGH�RI�WKH���
V�ELUG�VWDWXH��D�PLUURU�RI�����
����$QRWKHU�IDFH�LQ�SURILOH�GLUHFWO\�DERYH�����
WKH�ELUG�IRUPV�WKH�QRVH�DQG�IRUHKHDG�
����$�IDFH�ORRNLQJ�WRZDUGV�\RX�LQ�WKH�
H[WUHPH�OHIW��WR�WKH�VLGH�RI�����
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7KH�'LVFRYHU\�RI�WKH�&DOFXOXV
,Q�WKH�����V�DQG�����V��6LU�,VDDF�1HZWRQ�LQ�(QJODQG�DQG�*RWWIULHG�
/HLEQL]�LQ�*HUPDQ\��ZRUNLQJ�LQGHSHQGHQWO\��ILJXUHG�RXW�WKH�EDVLF�
FRQFHSWV�RI�&DOFXOXV�

1HZWRQ�ZDQWHG�WR�KDYH�D�QHZ�ZD\�WR�SUHGLFW�ZKHUH�WR�VHH�SODQHWV�LQ�WKH�
VN\��EHFDXVH�DVWURQRP\�KDG�DOZD\V�EHHQ�D�SRSXODU�DQG�XVHIXO�IRUP�RI�
VFLHQFH��DQG�NQRZLQJ�PRUH�DERXW�WKH�PRWLRQV�RI�WKH�REMHFWV�LQ�WKH�QLJKW�
VN\�ZDV�LPSRUWDQW�IRU�QDYLJDWLRQ�RI�VKLSV��/HLEQL]�ZDQWHG�WR�ZRUN�RXW�WKH�
VSDFH��DUHD��XQGHU�D�FXUYH��D�OLQH�ZKLFK�LV�QRW�VWUDLJKW���

0DQ\�\HDUV�ODWHU��WKH�WZR�PHQ�DUJXHG�RYHU�ZKR�GLVFRYHUHG�LW�ILUVW��
6FLHQWLVWV�IURP�(QJODQG�VXSSRUWHG�1HZWRQ��EXW�VFLHQWLVWV�IURP�WKH�UHVW�
RI�(XURSH�VXSSRUWHG�/HLEQL]��0RVW�PDWKHPDWLFLDQV�WRGD\�DJUHH�WKDW�ERWK�
PHQ�VKDUH�WKH�FUHGLW�HTXDOO\��6RPH�SDUWV�RI�PRGHUQ�FDOFXOXV�FRPH�IURP�
1HZWRQ��VXFK�DV�LWV�XVHV�LQ�SK\VLFV��2WKHU�SDUWV�FRPH�IURP�/HLEQL]��
VXFK�DV�WKH�V\PEROV�XVHG�WR�ZULWH�LW�
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6R�ZKDW�LV�&DOFXOXV"
,Q�VKRUW��&DOFXOXV�LV�DOO�DERXW�ʽ�

&DOFXOXV�LV�D�YDVW�WRSLF��DQG�LW�IRUPV�WKH�EDVLV�IRU�PXFK�RI�PRGHUQ�PDWKHPDWLFV��
7KHUH�DUH�WZR�PDLQ�EUDQFKHV�RI�EDVLF�FDOFXOXV��GLIIHUHQWLDO�FDOFXOXV�DQG�
LQWHJUDO�FDOFXOXV��

'LIIHUHQWLDO�FDOFXOXV�LV�WKH�VWXG\�RI�UDWHV�RI�
FKDQJH�RI�IXQFWLRQV��7KLV�UHTXLUHV�ILQGLQJ�WKH�
WDQJHQW�WR�D�FXUYH��ZKLFK�UHTXLUHV�OLPLWV��<RX�DUH�
QRUPDOO\�LQWURGXFHG�WR�GLIIHUHQWLDO�FDOFXOXV�E\�
OHDUQLQJ�KRZ�WR�ILQG�WKH�GHULYDWLYH�RI�D�IXQFWLRQ�
LQ�RUGHU�WR�GHWHUPLQH�WKH�VORSH�RI�WKH�JUDSK�RI�WKDW�
IXQFWLRQ�DW�DQ\�SRLQW�

,QWHJUDO�FDOFXOXV��DOVR�NQRZQ�DV�LQWHJUDWLRQ��LV�
OLNH�GRLQJ�D�GHULYDWLYH�LQ�UHYHUVH��,W�LV�RIWHQ�
LQWURGXFHG�LQ�WHUPV�RI�ILQGLQJ�LQGHILQLWH�LQWHJUDOV�
DQG�ILQGLQJ�WKH�DUHD�XQGHU�D�FXUYH��GHILQLWH�
LQWHJUDOV��
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6R�LQ�WKH�ZRUOG�RI�OLQHDU�IXQFWLRQV��ZH�FDQ�REWDLQ�WKH�VORSH�
�UDWH�RI�FKDQJH��OHWV�VD\�WKH�UDWH�RI�PRQH\�RYHU�WLPH�DV�DQ�
H[DPSOH��UDWKHU�HDVLO\�WKURXJK�WKH�VLPSOH�IRUPXOD�ZH�KDYH�
DOUHDG\�XVHG��ʽ\�ʽ[��

+RZHYHU��LI�WKH�IXQFWLRQ�LV�QRW�D�OLQH��WKHQ�WKH�VORSH�LWVHOI�
FKDQJHV�DQG�WKHUHIRUH�ZH�QHHG�D�QHZ�WHFKQLTXH�IRU�ILQGLQJ�
WKH�VORSH��7KLV�LV�FDOOHG�WKH�'(5,9$7,9(��,W�LV�LWVHOI�D�
IXQFWLRQ��DQG�LW�DOORZV�XV�WR�ILQG�WKH�VORSH�DW�DQ\�SRLQW�RI�WKH�
RULJLQDO�IXQFWLRQ��

$�JUHDW�H[DPSOH�WR�LOOXVWUDWH�WKH�QRWLRQ�RI�WKH�
GHULYDWLYH�LV�WR�ILUVW�FRQVLGHU�D�SRVLWLRQ�IXQFWLRQ��
,I�\RX�DUH�GULYLQJ�WR�%RVWRQ��WKHQ�\RXU�SRVLWLRQ�
FDQ�EH�JLYHQ�E\�WKH�IXQFWLRQ�

I�W�� ��W��������W�������W

ZKHUH�W�UHSUHVHQWV�WKH�WLPH�LQ�KRXUV�WUDYHOHG�
DQG�WKH�RXWSXW��\�RU�I�W���LV�WKH�QXPEHU�RI�PLOHV�
WUDYHOHG�

:HOO��LI�ZH�WDNH�WKH�GHULYDWLYH�RI�WKLV�
SRVLWLRQ�IXQFWLRQ��ZH�JHW�D�YHORFLW\�IXQFWLRQ��
7KLV�WHOOV�XV�KRZ�IDVW�ZH�DUH�JRLQJ�DW�DQ\�
JLYHQ�WLPH�W�
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7KH�SRVLWLRQ�IXQFWLRQ�

I�W�� ��W��������W�������W

KDV�DV�LWV�GHULYDWLYH�WKH�IXQFWLRQ�

�Y�W�� �I
�W�� ��W������W������

6R���ZKHQ�W� �WLPH�LQ�KRXUV���
���+RZ�PDQ\�PLOHV�KDYH�\RX�WUDYHOHG�DIWHU�KDOI�DQ�KRXU"
���+RZ�IDVW�DUH�\RX�PRYLQJ�DIWHU�KDOI�DQ�KRXU"�

$16�
���I������ �������������������� ��������PLOHV�WUDYHOHG�
���Y������ ���������������� ������PSK�DW�WKH�KDOI�KRXU�PDUN�

6R��&DOFXOXV�DOORZV�XV�WR�TXDQWLI\�WKH�ZRUOG�LQ�D�ZD\�WKDW�
DOJHEUD�FRXOG�QHYHU�KDQGOH��,W�LV�LQ�ODUJH�SDUW�GXH�WR�&DOFXOXV�
WKDW�ZH�KDYH�WKLV�PRGHUQ�ZRUOG�WKDW�ZH�VR�HDVLO\�WDNH�IRU�
JUDQWHG���

1RZ��DV�ZH�VDLG��WKH�GHULYDWLYH�RI�D�IXQFWLRQ�LV�DQRWKHU�
IXQFWLRQ��,I�WKH�IXQFWLRQ�LV�I�[���WKH�GHULYDWLYH�LV�JHQHUDOO\�
H[SUHVVHG�DV�I�
�[��RU�\�
��ZH�VD\�\�SULPH��

1RZ��WKH�W\SH�RI�IXQFWLRQ�\RX�LQLWLDOO\�DUH�JLYHQ�ZLOO�GHWHUPLQH�
ZKDW�DSSURDFK�\RX�ZLOO�XVH�WR�ILQGLQJ�WKH�GHULYDWLYH��7KHUH�
DUH�PDQ\�GLIIHUHQW�UXOHV�IRU�ILQGLQJ�WKH�GHULYDWLYH��D�IHZ�NH\�
WHFKQLTXHV�DUH�WKH�3RZHU�5XOH��3URGXFW�5XOH��4XRWLHQW�5XOH��
&KDLQ�5XOH���

%HIRUH�ZH�KDG�HVWDEOLVKHG�WKHVH�UXOHV��ZH�KDG�WR�FDOFXODWH�
WKH�GHULYDWLYH�LQ�D�PRUH�PDQXDO�ZD\��7KLV�LV�FDOOHG�WKH�
GLIIHUHQFH�TXRWLHQW��
/HW
V�ZDON�WKURXJK�DQ�H[DPSOH�WRJHWKHU�
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,Q�WKH�H[DPSOH�WR�WKH�
ULJKW��ZH�KDYH�D�IXQFWLRQ�
I�[���JLYHQ�E\�WKH�EOXH�
OLQH��:H�ZDQW�WR�NQRZ�
LWV�VORSH�EXW�DV�\RX�FDQ�
VHH�ORRNLQJ�DW�LW��WKH�
VORSH�FKDQJHV�
GHSHQGLQJ�RQ�ZKHUH�\RX�
DUH��6R�ZKDW�ZH�GR�LV�
ZH�WDNH�WZR�SRLQWV�RQ�
WKH�FXUYH��GUDZ�D�OLQH�
FRQQHFWLQJ�WKHP��ZH�
FDOO�WKLV�WKH�VHFDQW�OLQH�
�JUHHQ�OLQH���

1RZ��ZLWK�WKLV�VHFDQW�OLQH��ZH�FDQ�GHWHUPLQH�WKH�GHULYDWLYH�
XVLQJ�RXU�RULJLQDO�FRQFHSW�RI�VORSH��ZKLFK�LV�ʽ<�ʽ;��:KDW�LV�
RXU�ʽ<�ʽ;�LQ�WKLV�H[DPSOH"

$16��>I�[�K����I�[�@�+

6R�RXU�VORSH�IRU�I�[���
FDOOHG�WKH�GHULYDWLYH��
FDQ�EH�PDQXDOO\�
FDOFXODWHG�WKURXJK�WKH�
'LIIHUHQFH�4XRWLHQW��
/HW
V�WU\�D�VLPSOH�
H[DPSOH�

,I�I�[�� �[��WKHQ�RXU�VHWXS�ORRNV�OLNH�WKLV�

>�[�K�����[�@�K

:H�XVH�DOJHEUD�WR�H[SDQG�WKLV�DQG�VLPSOLI\�WR�JHW��
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)LQG�WKH�GLIIHUHQFH�TXRWLHQW�IRU�WKH�IROORZLQJ�
IXQFWLRQV�

���I�[�� �����[����[

���J�[�� �[�����[�
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)LQG�WKH�GLIIHUHQFH�TXRWLHQW�IRU�WKH�IROORZLQJ�
IXQFWLRQ�

���J�[�� �[�����[�
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)LQG�WKH�GLIIHUHQFH�TXRWLHQW�IRU�WKH�IROORZLQJ�
IXQFWLRQV�

���I�[�� �����[����[
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+:�





MATH 11011 EVALUATING DIFFERENCE QUOTIENTS KSU

Definition:

• DiÆerence quotient: is an expression of the form

f(a + h)° f(a)
h

.

They represent the average change in the value of f between x = a and x = a + h. They are used in
calculus.

Important Properties:

• In the numerator of a diÆerence quotient, any term that does not contain a h must subtract oÆ.

• When evaluating functions remember that whatever is inside the parenthesis, regardless of what it
looks like, is substituted into every variable x. For example, if f(x) = x

2 ° 3x + 1 then

f(a + h) = (a + h)2 ° 3(a + h) + 1

= a

2 + 2ah + h

2 ° 3a° 3h + 1

• When evaluating a diÆerence quotient, the h in the denominator will always divide out.

Common Mistakes to Avoid:

• Note that f(a + h) 6= f(a) + h.

• Remember that (a + h)2 6= a

2 + h

2. Instead,

(a + h)2 = a

2 + 2ah + h

2

by using foil.

• Do NOT distribute inside a quantity raised to a power. Remember to raise a quantity to its power
before you distribute. For example, 3(a + h)2 6= (3a + 3h)2. Instead,

3(a + h)2 = 3(a2 + 2ah + h

2) = 3a

2 + 6ah + 3h

2
.



Evaluating diÆerence quotients, page 2

PROBLEMS

Find f(a+h)°f(a)
h for each of the given functions.

1. f(x) = x + 2

Here, we have that

f(a) = a + 2

f(a + h) = a + h + 2.

Substituting these into the diÆerence quotient, we get

f(a + h)° f(a)
h

=
a + h + 2° (a + 2)

h

=
a + h + 2° a° 2

h

=
h

h

= 1

f(a + h)° f(a)
h

= 1

2. f(x) = 3x° 5

Here, we have that

f(a) = 3a° 5

f(a + h) = 3(a + h)° 5

= 3a + 3h° 5.

Substituting these into the diÆerence quotient, we get

f(a + h)° f(a)
h

=
3a + 3h° 5° (3a° 5)

h

=
3a + 3h° 5° 3a + 5

h

=
3h

h

= 3

f(a + h)° f(a)
h

= 3



Evaluating diÆerence quotients, page 3

3. f(x) = x

2 ° 4

Here, we have that

f(a) = a

2 ° 4

f(a + h) = (a + h)2 ° 4

= a

2 + 2ah + h

2 ° 4

Substituting these into the diÆerence quotient, we get

f(a + h)° f(a)
h

=
a

2 + 2ah + h

2 ° 4° (a2 ° 4)
h

=
a

2 + 2ah + h

2 ° 4° a

2 + 4
h

=
2ah + h

2

h

=
h(2a + h)

h

= 2a + h

f(a + h)° f(a)
h

= 2a + h

4. f(x) = x

2 ° 5x + 7

We know that

f(a) = a

2 ° 5a + 7

f(a + h) = (a + h)2 ° 5(a + h) + 7

= a

2 + 2ah + h

2 ° 5a° 5h + 7

Substituting these into the diÆerence quotient, we get



Evaluating diÆerence quotients, page 4

f(a + h)° f(a)
h

=
a

2 + 2ah + h

2 ° 5a° 5h + 7° (a2 ° 5a + 7)
h

=
a

2 + 2ah + h

2 ° 5a° 5h + 7° a

2 + 5a° 7
h

=
2ah + h

2 ° 5h

h

=
h(2a + h° 5)

h

= 2a + h° 5

f(a + h)° f(a)
h

= 2a + h° 5

5. f(x) = 4x

2 + 3x° 2

We know that

f(a) = 4a

2 + 3a° 2

f(a + h) = 4(a + h)2 + 3(a + h)° 2

= 4(a2 + 2ah + h

2) + 3a + 3h° 2

= 4a

2 + 8ah + 4h

2 + 3a + 3h° 2

Substituting these into the diÆerence quotient, we get

f(a + h)° f(a)
h

=
4a

2 + 8ah + 4h

2 + 3a + 3h° 2° (4a2 + 3a° 2)
h

=
4a

2 + 8ah + 4h

2 + 3a + 3h° 2° 4a

2 ° 3a + 2
h

=
8ah + 4h

2 + 3h

h

=
h(8a + 4h + 3)

h

= 8a + 4h + 3

f(a + h)° f(a)
h

= 8a + 4h + 3



Evaluating diÆerence quotients, page 5

6. f(x) =
1
x

Here, we have that

f(a) =
1
a

f(a + h) =
1

a + h

Substituting these into the diÆerence quotient, we get

f(a + h)° f(a)
h

=

1
a + h

° 1
a

h

=

a

a(a + h)
° (a + h)

a(a + h)
h

=

a° (a + h)
a(a + h)

h

=

a° a° h

a(a + h)
h

=

°h

a(a + h)
h

=
°h

ah(a + h)

=
°1

a(a + h)

f(a + h)° f(a)
h

=
°1

a(a + h)



Evaluating diÆerence quotients, page 6

7. f(x) =
3

x + 2

Here, we have that

f(a) =
3

a + 2

f(a + h) =
3

a + h + 2

Substituting these into the diÆerence quotient, we get

f(a + h)° f(a)
h

=

3
a + h + 2

° 3
a + 2

h

=

3(a + 2)
(a + 2)(a + h + 2)

° 3(a + h + 2)
(a + 2)(a + h + 2)

h

=

3(a + 2)° 3(a + h + 2)
(a + 2)(a + h + 2)

h

=

3a + 6° 3a° 3h° 6
(a + 2)(a + h + 2)

h

=

°3h

(a + 2)(a + h + 2)
h

=
°3h

h(a + 2)(a + h + 2)

=
°3

(a + 2)(a + h + 2)

f(a + h)° f(a)
h

=
°3

(a + 2)(a + h + 2)
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The Magic of Binary Thu, 3rd Feb 2011 

How do two digits - 0 and 1 - change the world? 

Jeff Zilahy 

“Any sufficiently advanced technology is indistinguishable from magic.”  

Arthur C. Clarke  

Have you ever wondered how the Internet, computers and video games happen? How exactly does your 
computer manage to display the words you are reading right now? Does it feel a bit like magic?  

To know the secret underlying the entire 
digital world, whether it is your iPod 
with 10,000 of your favourite songs or 
Facebook.com or that new Android 
phone, is to know nothing more than a 
series of 0’s and 1’s. All of this 
technology is just a wonderful, nay, 
genius, application of good old maths.  

While our precious Earth has existed for 
billions of years, and we Homo sapiens 
have been plodding about for something 
like 100,000 years, computers did not 
even exist a century ago. So what on 
Earth caused this dramatic and epic 
digital revolution? The short answer to 
that question is the binary system.  

To make sense of the binary system, it 
helps to briefly revisit a very popular system related to binary, that being the decimal system. The decimal 
system is what most modern civilizations use to make numbers. When you think of any number, for 
example 42 or 0.007, what numerical ingredients did you use to make these numbers? The answer is rather 
trivially the 10 digits of 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. It doesn’t matter what number we are talking about, you 
must use that pool of 10 digits. Some people surmise that the reason we use 10 digits is because we 
ourselves have 10 digits, namely our fingers and our toes.  

What is an often overlooked fact is that we do not have to use 10 digits to build a number system. It is a 
rather arbitrary decision, really, to use 10 digits. In fact, many civilizations throughout history toyed with 
using a different number of digits to build numbers. The most relevant of these systems to our story is 
binary, where we use a measly 2 digits to build numbers.  

So, the digits of binary are 
limited to 0 and 1. You may be asking, how am I meant to build any number with just those two choices? 



Pretend we have some random and familiar number, say 23. How would we represent that number if we 
only have a 0 and a 1 to choose from? Well, the key is to think of the powers of two.  

As any elementary exponents lesson will tell you, some initial powers of two are: 20, 21, 22, 23, 24, 25. These 
numbers are really just 1, 2, 4, 8, 16, 32. Now, the key to building numbers in binary is to consider each of 
these powers of two to be either “on” or “off”. The way we indicate on is with a 1 and we indicate off with 
a 0. So, when we want to obtain our chosen number, we first determine the sum of powers of two that 
yields 23. This is 16 + 4 + 2 + 1. Now, all that we have left to do to write this number in binary is to turn on 
all the slots that we need, namely 16, 4, 2 and 1, and to write this number in that particular order. This 
means that the 24 slot is on, but the 23 is off, 22 is on, 21 is on and finally the 20 is also on. When we write 
this number out, it yields the translation of our familiar number 23 to 10111 in binary.  

While we humans might have the luxury of being able to interpret and understand different number 
systems, modern computers only understand two states, namely our 0 and 1. This is where the binary 
system works exceedingly well, since computers excel at interpreting binary values.  

In conjunction with a system of logic that underlies all computers 
called Boolean algebra, named after the mathematician George 
Boole, we can assign to each binary number a symbol or 
instruction. Then, when the computer is fed a string of binary 
numbers, it is able to decode those numbers into letters, or symbols 
or instructions that allow the creation of all that you see on your 
computer screen.  

The digital world certainly shows no sign of abating, everyday 
becoming more complex, more layered, even more human. As our 
lives become ever more intertwined with this digital realm, perhaps 
this technological evolution is not that surprising after all. The 
notion of binary, of 0’s and 1’s, of two parts, really is inherent in all 
we know. The sum total of all human experience exists within a 
duality, just consider: male and female, day and night, black and 
white, love and hate, hot and cold, finite and infinite. The world as 
we can only hope to know it is as simple as the yin and the yang, a 
truly binary experience.  

Jeff Zihaly has written a book about the magic of maths entitled A 
Cultural Paradox: Fun in Mathematics. Find it here on Google 
books and Amazon. 

!
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MAT$108!

March&7,&2013!

MIDTERM:(!

TIPS%FOR%SUCCESS!

In#order#to#succeed#on#the#midterm#(March#12th,"no"makeups!)","you"should"be"confident"
with%the%following%topics,%concepts%and%ideas.%Any%questions%you%may%have%are%your%
responsibility,to,seek,clarification!on,$please$ask!$(jzilahy@mc3.edu).#The#PDF#files#of#the#
smartnotes)will)be)your)best)source)for)preparation.)The)following)topics)are)an)overview)
and$may$or$may$not$appear$on$the$actual$midterm,$and$any$content$that$we#covered#to##
date%in%class%is%fair%game.!

!

You$should$be$able$to$know$and$use$the$following:!

Quadratic)Formula!

Rate%x%Time%=%Distance!

Heron's(Formula!

Rules&of&Exponents&!

Basic&probability&problems&!

Pythagorean+Theorem!

Area%of%a%Triangle%Formula!

Prime&numbers$(definition,$factorization,$and$the$Sieve$of$Erasthosthenes)$!

Review&the&proofs&for&2=1,&x0=1!

Add,$subtract,$multiply$and$divide$fractions!

Historical*events*and*people*covered*so*far!

!

!



MCCC!

Spring'2013'!

MAT108:(MIDTERM!
each%problem%is%worth%5%points!

!

1. Give%an%example%of%an%ancient%mathematical%artifact.!

!

2. List!the#digits#in#the#decimal#system,#and#list#the!digits&in&the&binary&system.!

!

3. Write&the!numbers(42(and(99(in(the(Roman(numeral!system."(see"table)!

!

4. Give%a!specific&example&of&how!animals/non'humans!use$mathematics.!

!

5. You$are$given$the$fractions$3/4$and#5/7.#Find#their#sum,#difference,#product#and#
quotient.!

!!

!

6. What%is%a%unit%fraction?%What%ancient%civilization%struggled"with"unit"fractions?$
Express!3/4$as"the"sum"of"two"unit"fractions.!

!

7. Simplify(into(a(single(fraction:((1/a(+(1/b(+(1/c!

!

!

8. Define&prime&number.&Give&at&least&two&examples&of&prime&numbers&that&are&
greater&than&100.!

!



!

9. Write&the&number&345&in&prime&factorization&format.!

!

!

10. Given!a"right"triangle"with"a"side$of$length$65$and$hypotenuse$of#length#97,#what#
is#the#length#of#the#missing#side?!

!

!

11. Given&a&triangle&with&area&of&125&and&a&height&of&10,&what&is&its&base&length?!

!

!

12. What%is%the%probability!of#getting#an#ace,#red#king,#OR!the$queen$of$diamonds$
when%selecting%a%single%card%out%of%a%regular'deck'of'52'cards?!

!

13. Where!is#the#mistake#in#the!proof%that%2=1?!(see$proof)!

!

14. Name%two%major%historical%math%books%that%we%have%discussed%so%far%in%class.!

!

15. What%is%the%definition%of%an%irrational!number?(Give(an(example.(!

!

!

16. Mark!traveled(to(the!courthouse!and$back.$The!trip%there%took%five%hours%and%the%
trip%back!took$four$hours.$He$averaged$35$km/h$on!the$return$trip.$Find$the$
average&speed&of!the$trip$there.!

!

!



!

17. Solve!4x2!+"9x"+"2"="0!using&the&Quadratic(Formula.!

!

!

!

!

18. Simplify!the$following$exponent$problem.!

(3'1a4b'3)'2!/"(6a2b'1c'2)2!

!

!

!

19. Find%the%area%of%a%triangle%when%a%=%3/2%cm,%b%=%5/2%cm,%and%c%=%2%cm.%(see%Heron’s%
formula)!

!

!

!

20. Explain(the(pattern(of(Fibonacci(sequence:(0,#1,#1,#2,#3,#5,#8,#13,"21,"34,"55,"89,"144,"
233....!

!

!

!

21. EC:$Tell$one$math$joke$OR$what$is$the$most$interesting$
insight/thought/mathematical/tidbit/that/you/have/learned/so/far/in/this/course?!

!

!



!

!

!

FORMULAS)&)RELEVANT)INFORMATION!

ROMAN NUMERALS 

character numerical value 
I 1 
V 5 
X 10 
L 50 
C 100 
D 500 
M 1000 

!

PYTHAGOREAN*THEOREM!

!

!

AREA$OF$TRIANGLE$FORMULA!



!

!

!

HERON’S'FORMULA!

!



!



MCCC!

MAT$108!

May$7,$2013!

FINAL:'TIPS'FOR'SUCCESS!

In#order#to#succeed#on#the#final#(May#9th,"no"makeups!),"you"should"be"confident"with"the"following"
topics,(concepts(and(ideas.(Any(questions(you(may(have(are(your(responsibility(to(seek(clarification(on,(so#
please&ask!&(jzilahy@mc3.edu).#The#PDF#files#of#the#smartnotes#will#be#your#best#source#for#preparation.#
The$following$topics$are$an$overview$and$may$or$may$not$appear$on$the$actual$final,$and$any$content$
that$we$covered&in&class&is&fair&game.!

You$should$be$able$to$know$and$use$the$following:!

Quadratic)Formula!

Rate%x%Time%=%Distance!

Heron's(Formula(!

Rules&of&Exponents&!

Basic&probability&(Venn&Diagrams,&cards&&&dice)!

Pythagorean+Theorem!

Prime&numbers&(definition,&factorization,)and)the)Sieve)of)Erasthosthenes))!

Add,$subtract,$multiply$and$divide$fractions!

Series&&&Sequences&&!

Law$of$Cosines$$!

Imaginary)Numbers!

Simple'Ciphers!

Cartesian)Plane!

Pascals&Triangle&and&Combinations!

Difference(quotient!

Basics&of&Binary&!

All#germane&historical&events&and&people&!



MCCC 

May 9th, 2013  

MAT108: FINAL 
each problem is worth 4 points 

 

1. What would 42 and 100 be in binary? 

 

2. Simplify the expression 1/x + 2/y + 3/z. 

 

3. What are the first 3 prime numbers after 101? 

 

4. Prime factorize 215  

 

5. Given a right triangle with a side of length 42 and a hypotenuse of length 58, what is the 
length of the missing side? 

 

6. What is the probability of getting an ace, red king, OR the queen of diamonds when 
selecting a single card out of a regular deck of 52 cards? 

 

7. Two cars started from the same point, at 5 am, traveling in opposite directions at 40 and 50 
mph respectively. At what time will they be 450 miles apart?  

 

8. What is the common ratio in the following sequence:  -500, 100, -20, 4,…? 

 

9. If -500 is the first term in the sequence in the last problem find the series of the first 5 terms. 
(HINT: Series is a sum) 

 

10. Simplify √-225. 



11. In a football game, the quarterback throws a pass from the 12 yard line, 14 yards from the 
sideline. The pass is caught on the 51yard line, 6 yards from the same sideline. How long was 
the pass? (HINT: Draw a diagram first)  

 

12. What is the one word that best describes what Calculus is about? 

 

13. Use the Quadratic Formula to find the solutions to x2 + 2x – 8 = 0. 

 

14. Simplify the following exponent problem: 4(3x2)3. 

 

15. If x = -3 and y = 7, find the value of x3y3. 

 

16. Find the sum, product, difference and quotient of 2/3 and 4/7.  

 

17. Use the Difference Quotient to determine the derivative of the function f(x) = 4x2 + 2x. 

 

18. Out of forty students, 14 are taking English Composition and 29 are taking Chemistry. If 
five students are in both classes, how many students are in neither class? How many are in 
either class? (HINT: Make a Venn Diagram) 

 

19. What is angle C? (HINT: Use the Law of Cosines) 

 

 

 



20. Which famous mathematician/philosopher is the Cartesian Plane named after? 

 

21. How would you express 35 = 243 logarithmically? 

 

22. What is the name of the surface that has only one side? 

 

23. Using the provided “Zebra” cipher, translate the following:  

IFSA  FP  ETQ  Z  ROAZJ 

 

24. List at least 3 distinct ways to express slope. 

 

25. If the top row in Pascal’s triangle corresponds to row 0, then what is the sum of the 9th row? 
(HINT: See attached Pascal’s Triangle) 

 

EC: Say at least one nice thing about your experience in this course. 

 

 

 

#

!

!

#

#

#

!



FORMULAS)&)RELEVANT)INFORMATION!

#

PYTHAGOREAN+THEOREM:++a2!+"b2!="c2#

#

LAW$OF$COSINES:$$c2!="a2!+"b2!+!2ab$cos(C)#

#

#

#

DISTANCE)FORMULA:#

#

#

Plaintext)alphabet:!ABCDEFGHIJKLMNOPQRSTUVWXYZ!#

Ciphertext)alphabet:!ZEBRASCDFGHIJKLMNOPQTUVWXY 

#

#

#
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Wolfram Alpha: Exploratory Lesson 
 
Please note that while you can find many of these answers elsewhere, 
this project requires all answers to originate from the website Wolfram 
Alpha. This project will be due by midnight Sunday (May 5th) to receive 
full credit.  
 
108 Queries: 
 
1. Where was the Ishango bone discovered, and it is dated to how 

many years ago? 

 

2. What is 444 in Roman numerals? 

 
 

3. What is 444 in the Greek antique number system? 

 

4. What is the basic rule from the Rhind Papyrus that was first 

published in 2002?  

 
 

5. What is the decimal approximation of 1/3 + 2/7 + 7/9 + 11/23 to 

17 digits of accuracy? 

 

6. What is the 42nd prime number? 



 
 

7. What is the best known Pythagorean Triple? 

 

8. How does WA interpret (x-3)2/x-7 as input? What is the answer? 

 

9. Using the Law of Cosines, find the angle measures (in degrees) of a 

triangle with side lengths of 12, 17, 19. 

 
 

10. What is i18? 

 
11. What percent of the world population speaks French? 

 

 
12. What is the decimal approximation of the natural logarithm of 12 

to 5 digits of accuracy? 

 

13. What is the word “Leet” in leetspeak (cipher)? 

 
 

14. What is 1337 as a phrase? From what word does it derive? 

 

15. What does WA list Rene Descartes profession as? 

 
 



 
16. What is the distance (decimal approximation) between the origin 

and the ordered pair (45,45)? 

 

17. Which trigonometric function is the definition of “slope” defined 

as? 

 
 

18. What is the basic definition of Pascal’s Triangle? 

 

19. What is the basic definition of Calculus? 

 
 

20. What type of diagram is the “seed of life”? Recreate for an extra 

credit point! 

Open Ended Queries: 

21. Calculate the precise distance in miles between Philadelphia and 

New York. 

 
 

22. Ask Wolfram Alpha "where am i" 

 

23. How long would it take to read, speak and type 300 pages of a 

typical book? 

 



24. Compute the flight time from Los Angeles to Philadelphia.  

 

25. What number is the "Answer to Life, the Universe, and 

Everything"? 

 
26. What is the first comparison for 88 mile per hour? 

 

 
27. Are we there yet? 

 

 
28. How old is Wolfram Alpha? (in hours) 

 

 
29. How do you win the lottery? 

 

 
30. How many licks does it take to get to the center of a tootsie 

pop? 

EC: Discover and report one really cool thing that Wolfram Alpha can 

compute. 

EC2: Run your own personal analysis on your facebook at: 

http://www.wolframalpha.com/facebook/ and report any interesting facts. 
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